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Synopsis 

The development of a general computer program for 
the accurate determination of the Root-Loci plot of 

• Control Systems is described. Algorithms are developed 
based on Routh's Criterion for the imaginary axis cross­
over frequencies and the value of loop gain at the cross­
over points of the locus." The entire loci plot is obtained 
by successive shifts of the imaginary axis of the s-plane. 
The computer program developed is designed to give 
results in the form of a graphical display as well as a 

' numerical tabular form. 

1. Introduction 
The main task of the control system designer is to 

ensure that the system response meets the specifications. 
To do this he should be able to predict the system response, 
from a knowledge of the system parameters and the system 
dynamics. The time response of a control system in parti­
cular, is determined by the location of the poles and zeros 
of the loop transfer function, and the loop gain. Of the 
several methods available for the prediction of system 
response, the Root Locus approach of Evansl has several 
advantages. This method combines the theoretical advan­
tages of simultaneous control of both the transient res­
ponse and frequency response of the system, and provides 
correlation between the system parameters and system 
r e s p o n s e 2 . An approximate sketch of the Root Loci plot 
can be obtained using the set of elementary rules .given-in 
literature on Control Systems.I>2t3.4 However an accu­
rate plot can be obtained only by locating several points 
of the locus by a trial and error methodL Alternatively 
algorithms, can be derived for a point by point develop­
ment of the Root Loci plot. The vast amount of effort 
involved in the numerical computation of this method, is 
greatly simplified by the use of the digital computer. 

2 . Theoretical Development 

The transfer function of a linear feedback control 
system can be written as 
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GH(s) 

K ^ b i s i 
o 
n ' 

m ^ n (i) 

The system characteristic equation, i + GH(s) = O ba-
comes 

m 

2 v + K . 2 ) y - o ( 2 ) 

The Root Locus is defined as the locus of points in 
the s-plane which satisfy equation ( 2 ) , as K is allowed to 
take any real value. (Usually we consider only the range 
0 - < K <j oo, but negative values of K can also be 
considered if so desired). -

By grouping terms of similar powers of s, equation (2) 
can be written as 

2 qsi = O, where Cj = 0(K) in general. ( 3 ) 

If the origin of the s plane is a point of the Root 
Locus then, from ( 2 ) , the value of K at this point is given 

by Ko (4 ) 

Now consider the application of Routh's Criterion2A5 
to equation (2 ) . Writing the Routh Array of coefficients 
in double suffix notation, 
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where, for j ̂  2 , 
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and for j> 2 , 

A j , k = , A j - 2 , k + l — [' 
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Since all q coefficients are known, all Aj.k coeffi­
cients can be evaluated using the algorithm given above. 

Now if for some value of K equation (3) contains a 
factor (s2+a/ 0 2)» it can be shown6 that the necessary 
and sufficient conditions are given by 

and 

A n , i ( K ) = 

A n - i , 2 ( K ) 

.(6) 

•(7) 

The significance of equations (6) and (7) is that for a 
value of K satisfying equation (6), the Root Locus has a 
point on the imaginary axis at a value w given by equa­
tion ( 7 ) . Thus the point of intersection of the Root Locus -
with the imaginary axis (i.e. the u> axis) is known. 

Now consider the linear transformation of equation 
(2) by the relation s 0 = s + r. This is equivalent to shift­
ing the imaginary axis of the s plane to the right by an 
amount r. Equation ( 2 ) now becomes, in terms of the 
new variable s 0 , 

(8) 

The coefficients a j ' a ° d \ ' are functions of the shift r 
and of the order of the polynomials n and m. These can 
be evaluated easily using the Binomial series expansion. 
In the Computer Program these coefficients are com­
puted using the subroutine PCLD (Polynomial Complete 
Linear Synthetic Division) supplied by the IBM 1130 
Scientific Subroutine Package. 

Since the shape of the Root Locus plot is unaffected 
by the linear transformation 5'S, we can apply relations 
(6) and (7) to the transformed equation (8) , to find the 
crossover on the new (shifted) imaginary axis and the 
corresponding value of K. The value of K at the new 

a 0 ' ' 
origin is given as before by equation (4) i.e. K = — ( j ^ O - . 
This method is illustrated by the following example. 
3. Illustrative Example 

Consider the 4th order system of loop transfer 
function— 

K ( s + 2) 
GH(s) = 

s 2 ( s + j)(s + 10) 
The characteristic equation is— 

s 4 + i s s3 + 5 0 s 2 + Ks + 2 K = o. , 

Equations (6) and (7) become 
A n > 1 - K ( 7 5 o - K ) = e 

3 0 K 
and Wffl ° 

(75o - K) 
The solution of these equations give 

K - o ) K = 7 5 ° ) 
) 'and ) 

= +JTO 5 a>o = 0 ) w0 

Suppose we shift the imaginary axis to the left by 
unity i.e. ? Q = s — 1. This transformation gives the new 
characteristic equation as— 

s o 4 + W + 5° so 2 + < 8 2 + K ) s o + 0 5 + K) = O , 
and equations ( 6 ) and ( 7 ) become 

A n , i - ( 7 6 8 - K ) ( 8 2 + K ) - (17 x 17) ( 3 5 + K ) = o . . . (9 ) 

X7 (35 + K) 
and a>0

2 = (10) 
768 — K 

K and w0 can be found from these two equations. Thus 
the problem of locating the zeros fourth order system 
characteristic equation is now reduced to a second order 
equation ( 9 ) . 

It should be noted that both negative values for n>0* 
and imaginary values for K , if obtained from equations 
(9) and ( 10 ) , are meaningless as far as the Root Loci 
plot is concerned. 

4. The Computer Program 
The flowchart for the general method of applying 

the above theory is given in Figure 2. There are two 
.loops involved, of which the outer loop performs the 
repetitive shifting of the imaginary axis, and the inner 
loop deals with finding the zeros of equation (6). Since 
equation (6) contains K in an implicit form, some form of 
numerical analytical method has to be used to solve it. 
One method could be the determination of the sign of 
A n j as K is varied from o to 00 in steps, and when a 
sign change occurs a more accurate estimate for K can be 
got by progressive subdivision or Newton's method. It 
should.be noted that the computation time for this method 
can be very large, and also the roots may be missed 
altogether if they lie very close to one another, com­
parable to the increment A K used. A more direct 
approach would be to rearrange equation (6) in an explicit 
form. We wish to find the zeros of A n j = o. But 

A n , l <= F(aV,a 2 ' a - b ^ b , ' b m \ K ) - O 

An explicit solution for K would be 

K = 0 ( a i \ a 2 V ' b l , ' b 2 ' V ) 
Algorithms were developed for determining these-
functions <f>. 

It was found that the algebraic task involved in 
finding these functions <6, becomes very complicated 
when the combined order (m-f-n) becomes'large. In' 
the program developed these algorithms were restricted 
to the range (m-f-n) ̂ 6 (see Figure 2) i.e. the sum of 
the number of poles and zeros of the loop transfer func­
tion do not exceed 6. An example of the derivation of the 
algorithm is given in the Appendix. 

The limitation (m+n) ^ 6 , is not very severe, since in 
most practical problems the number of poles seldom 
exceed 3 or 4 and the number of zeros seldom exceed 2 
or 3. In more complex cases, by judicious approxi­
mations, the system can be reduced to the desired form. 
Even in cases where such simplification is not desirable, 
we can apply the general method explained earlier in this 
section. 
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Fig. a. Pole-Zero Combinations of GH (s) 

Flow Chart for the general method 
I 

The computer program RTLUS is designed to give 
the output in a tabular form giving the values of the 
shift r, the value of K on the real axis branch of the Locus, 
the crossover frequencies (there can be more than one) 
and the corresponding values of K at these points. The 
user has to specify the range of s plane to be covered and 
the poles and zeros of the loop transfer function. Optional 
facilities include a graphical display of the Root Locus' 
plot by using the IBM 1627 Plotter. A diagnostic message 
NOK will be printed if by chance (i) the shifting of the 
axis coincides with an open loop zero or when (ii) the 
Root Loci plot contains a branch parallel to the imaginary 
axis. (In the former case the value of K becomes infinity 
and in the latter case jp0 is indefinite). 

5. Examples 

E x . 1 : Suppose that the loop transfer function of a 
4 ( s + 4 ) 

system, GH(s) is — — and we. 
s (s+3Xs+5)(s 2+«+2) 

wish to select a suitable value for Loop Gain and also 
locate the system poles for the chosen conditions. The 
Root Locus plot as obtained from the computer is shown 
in Fig. 3. The output also shows that the system is stable 
for values of K between o and 10.6. It also reveals that 
for a damping ratio of 0 .5 , K should be about 3.8. For 
this value of K the closed loop system poles arc at 

0 . 4 + J 0 . 7 6 , —1 .37 , —4.98 and—2.85. 

The impulse response of the closed loop system will be 
highly influenced by the pair of complex* roots and the 
roots.at s = —1.37 and s =»—2.85. The contribution 
from the remaining root is very small. 

Fig. 3. Root Locus plot of Ex. (1) 

E x . 

GH(s) 

The Root Locus plot for 

K ( s + 8 ) ( 5 + 3 . 2 5 ) . 
-is shown in Fig. 4 . 

s (s + 3) ( 3 + 6) 
Note that the exact shape of this-plot, especially the pear-
shaped portion of the complex branches, cannot be 
obtained by using the Evan's rules for construction of the 
Root Loci. Observe also that for a wide range of K, 
from about 3.0 to 10, the damping- ratio is about 0 .88, 
and that the minimum value' of damping ratio possible 
is 0.86I. ' . a : • 
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Fig. 4. Root Locus plot of Ex . a 

Ex. 3: The loop transfer function of autoplot system 
of a rigid missile is known to be 

K ( s + o . o 7 j ) 

(s + 2.67) (s — 2.57) (s — 0.0105) ( s 2 + 14s + 100) 
It is desired to stabilise the system by providing viscous 
damping of the tail surface. In effect, this introduces an 

additional term of the type (1 + —s) in the loop 
K 2 

transfer function. The Root Locus plot of the uncom­
pensated system is shown in Fig. ja. Note that the system 

is unstable for all K. Selecting j ~ as 2.67, (i.e. cancella-
2 

tion of the dominant non-zero loop pole) the Root Locus 
of the compensated system is shown in Fig. jb. This 
shows a conditionally stable system, for effective K be­
tween 261 and 973 . 
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Fig. 5a. Root Locus Plot of E x . 3 
(uncompensated .System) 
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Appendix 

Consider a bop transfer function 
K ( s 2 + b x s-+ b c ) ; • 

GH(s) = -= — 
+ a 2 s z -P a x s + a Q 

The characteristic equation, is 
s» +- ( a 2 + K) s 2 + ( a j + b^Js -h ( a Q + b 0 K > - O 

3 

2 c i s l = o 
o 

- The Routh Array is 

c o c » 
C x ~ ( ~ ) O 

Equations (6) and (7) become,; . 
p 0 c } ; . 

A n , i = c i — 5 — = O. a n d "to2 

A n - i , i c o 
cz " . " A n - i , i c a 

i.e. ( a 2 + K) (a, + b ,K) = ( a 0 + b 0 K ) 

and »o* = (aj + W .. 

Solving for and K give, 

• w 0 
* j > o + a - b i a * > ± 

( b 0 + a i — b i a a > + ( a o b i — a i b o ) 

K -
b i 

ERRATA 

Control System Dynamic by Digital Computer 
by J . B. X. Devotta, in the Dec. 76 Issue. 

In Appendix A, the line after equation A, 
should read. . 

"Also for complex pi, (P i+pl ) == 2Re (pi)" 

In Appendix page" 47, the second line from top 
should'be' " : • f'(—6) -** " ' 
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