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Abstract |

Treatment of correlations between variables is necessary to
establish. realistic modelling of engineering systems, This
paper highlights somc often ignored theoretical
rcquirements necessary for a rigorous consideration of
corrclations and presents a general analytical procedure
for eliciting correlations between. variables which is
applicable to a broad class of engineering problems.
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The general case of an engineering system described by a
decision variable Y, -expressed in terms of an arbitrary
function g(X) is examined, where X is a vector of
random variables, some or all of which may be correlated.
The thcoretical requirement for a positive definite

correlation matrix is described, along with a two stage

process that leads to the elicitation of such a matrix.

A published numerical exaniple is used throughout the
paper to demonstrate the approach.

1.0 Introductioh

The main objectives in modclling an engmcermg system
are to obtain, a realistic rcpresentation of the physical
process and a quantification of thc uncertainty of that
process. Since correlation can have a significant effect on
the uncertainly of the decision criteria representing an
engineering process, the treatment of correlations between
variables is necessary for rcalistic modellmg of engincering
systems. Spooner (1974) states that in cost estimating of
projccts nearly 50% of the total variance can be traced
back lo co-variance in the labour accounts. Examples
highlighting the need for trcating correlations in
enginecring systems includc failure functions in structural
reliability (Der Kiurcghian and Liu, 1986; Foschi et al.,
1989), acid rain monitoring stations in water rcsources
(Caselton et al.,, 1990), estimation of duration, cost-and
rate of rcturn during the planning stages of an cngincering
project (Cooper and Chapman, 1987;>Perry and Hay(.s
1985; Russcll and Ranasinghe, 1992).
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The objectives of this paper are to highlight some olten
ignored theoretical requirements necessary for a rigorous
consideration of correlations and to present an approach
to elicit correlations between variables. The most often
suggested analytical approach to model uncertainty in an
engineering system is called moment analysis (Benjamin
and Cornell, 1970; Ang and Tang, 1975; Bury, 1975;
Siddall, 1972; Russell and Ranasinghe, 1992). In this
method "the unccrtainty of the dccision variables are
quantified as probabilistic moments which are evaluated
from probabilistic moments of primary or input variables
to the engincering system. The treatment of corrclations
between primary variables are included in the moment
analysis of the decision variables.

This task requircs obtaining corrclation information,
checking for theoretical consislcncy when this information
is elicited and including it in the analysis process. These
steps are equally relevant when Monte Carlo simulation
(Jaafari, 1988; Perry and Hayes, 1985; Thompson and
Wilmer, 1985) or analytical approaches (Cooper and
Chapman, 1987; Russcll and Ranasinghc, 1992) are uscd to
modcl an engincering system. For discussion purposcs
herein, we assume a decision variable Y which rcprescnts
an engineering system that can be dcscribed by an
arbitrary function g(X), where X is the vector of its
primary variables, some or all of which may be corrclated.

This paper is structurcd as follows. A numcrical example
from a published paper in construction engineering is
prescnted in the next section. It is used throughout the
paper to illustrate thc concepts being discusscd. The
correlations between primary variables are discussed in the
third section. This. discussion highlights an oftcn ignorcd
theoretical rcquirement that the corrclation matrix be
positive dcfinite. A two stage process which lcads to the
elicitation of a positive definitc corrclation matrix for the
primary variables is developed in the fourth section. The
paper concludes with a step by step procedure for the
elicitation of corrclations.
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2.0 Nume'rlca’l Example_ '
This numencal example was taken. from a recent
pubhcatlon by Russell and Ranasinghe (1992). It describes
. the duration to fly form a typical slab of 3000 i
suite per floor high-rise: building. The duration was’
~ considered as the decision vanable, and it was estimated
from the decomposed relatronshrp glven by,

- t

L o4y @ | ‘ B
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" in which T was the duration to fly form a
days, Q@ was the estimated quantity in ft", P was the
estimated labour productivity in fPImanhour once the fly.
forms were placed, L was the estimated labour usage in
manhours/day and A was the time required to fly the

forms in days. While the quantity was deterministic, the-

other variables were considered as random. Then,
- equation re-written as,

3000
Xz X3

Tt ‘—g(X) @

~

- was | used by - Russell and Ranasmghe (1992) The

 correlation matrix elicited from an expenenoed engmeer :
o and used in their example was as follows.

N

10 05 0
~0.5 71.0 --.-0..4
0 —04 10

- It was stated that the negative correlation between X1 and
X3 ‘suggests the greater the productivity, probably the
greater the efficiency of flying the forms and vice versa.

" The negative correlation’ between'X2 and X3 implies that

in a single

3.0 Correlation between primary
Variables ‘

v

Generally, when correlations among pnmary variables are

treated it is only the linear correlations. If all the primary
variables are normally distributed then the linear
correlations between variables are the true correlations.

- However, in’ general, all the primary variables’ are not

ical slab in

-

A correlatlon matrix is posrtwe definite nf there are no'

the smaller the crew the greater the productivity (minimum

congestion, all crew: members visible and not able to hlde)
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normally distributed. Consequently, one is faced with the .
“prospect of non-linéar correlations. Obtaining and treating
non-linear correlations are still complex "and -largely.

unresolved theoretical issues.. Therefore, we can assume
that the correlations among-primary variables are linear.
This assumption implies that rélatnonshrps between
variables are approxxmately lineaf i in the reglon of interest.

In modellmg most engmeenng systems significant data
the treatment of correlations

limitations exist. Yet, _
between variables is important to establish realistic
quantifications of uncertainty of decision variables.
Therefore, the correlations between primary variables may
have to be elicited subjectively from experts. A number of

. authors'in both simulation and analytical applications have :

recognised this necessity (Eilon and Fowkes, 1973;
Howard, 1971; Hull, 1977, 1980; Kadane et al,, 1980;
Keefer and Bodily, 1983; Krjzanowski et -al., 1972; Wagle

1967). Except for Kadane et al., (1980), who develop an -
approach to elicit a positive deﬂmte correlation matrix;all -
, of the others obtain only the correlation coefﬁcrents ‘

| 2.1 Positlve Déﬁnite Correlation Matrli :

~

hnear dependencres among the pnmary variables. .

e Proof that a Correlanon Matnix i is Posmve Def nite

Let X be the vector. of n random varxables with
covariance matrix - Cx and correlation rnatru( R. Let
be a vector of n scalars From definition, -

Var[a X] >0 _ " (3) .

aCxa>O - (4)

. Therefore, covariance matrix Cx is always posrtrve posrtnve

definite (ie > 0) or posrtwe semi deﬁmte (IC = ().
Rewriting equation (4) as, " . _

1

Tofa a of X-R)(X-RT . ®)
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Let b = (X - X)T a, where b is a humber and b = b™,
When b = 0 (positive semi definite condition),

X-X)Ta=10 (6}
(Xi= K)o + (Xa=Ka) 02 + o + (Xu=Xdan =0 (7

variable Xn is a linear combination of the others.

If there are no lincar dependencles (combinations) then
the covariance matrix is always positive definite.

For the correlation matrix, starting from the relationship
R = D! CxD?, where D™ is the inverse of the diagonal
matrix of standard deviations of the X vector (ie D =
diag[ ]), it follows that, -

aTRa=aTD'C,D'a (8)
. T
Since D! = [D"] because D! is saymmetric,
T
o [0 D ax BTG )
where b = D-! a, ’
Since D=1 js ingular and ay ',wheﬁc,il; PRSP
BTCib > 0 (10)

If the covariance matrix is positive definite then the
correlation matrix is always positive definite.

If an elicited correlation matrix is not positive definite,
then it has to be positive semi-definite because the
variance of a vector of random variables is always greater
than or equal to zero. This is a theoretical requirement that
is ignored in most of the previous developments. A
consequence of ignoring this requirement is that the
determinant of an arbitrarily generated correlation matrix
could be negative and lead to the decision variable having
negative variance.

A correlation matrix could be positive semi-definite even
when all the variables are not perfectly correlated. For
example, suppose the correlation matrix R for our three
variable example was elicited as follows.

~

1.0 05 0.5
R={05 10 -0.5 (11)
05 —05 1.0

At first glance, the correlation coefficicnts between the
variables seem reasonable. However, the dcterminant of
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matrix R is equal to zero (i.e. positive semi-definite). A
further investigation shows that a linear combination of
variables 2 and 3 is perfectly correlated with variable 1.

4.0 Elicitation of a Correiation Matrix

The proposed method for developing a positive definite
correlation matrix consists of a two stage process. The first
stage is the elicitation of the linear correlation coefficients
among the primary variables, while the second is ensuring
the positive definiteness of the correlation matrix.

4.1 Linear Correlation Coefficlents

First, the primary variables X, in the ‘function for the
decision variable g(X), which are considered to be random
are ordered according to the expert’s confidence in them
and their relationship with the other variables. The
variable that is selected as the “best” in terms of
confidence is numbered one and the “worst” numbered n
(when there are n random variables in the function).

The linear correlation coefficient between two primary
variables Xj and Xj can then be elicited directly or
approximated from the conditional expected value of X,P(.
= F.The conditional expected value of X; |[X; = F from

Bury (1975) is,

E[X;iX: = F) = E[X;) + pi 2 (F = EIXi)
(12)
Hence,
o _ (EX;|X: = F] - B[X;)) o, :
Pij (F = E[){i]) o; (13)

in which E[X;] and E[Xj]are the expected values and &
and @& are the standard deviations for Xiand Xj; F is
the conditional value for Xi;and g is the linear
correlation coefficient betweecn Xi and Xj.

Similar to the method suggested by Hull (1977) for risk
simulation, the correlation coefficient between Xi and Xj
can be approximated by avcraging three or four values
for pu. The values for  pyy are evaluated from
equation(13). The conditional expected value of Xj, E[X]
Xi = F], iselicited by asking the question "What is the
anticipated value for Xj, when Xi = F?" from experls.

» ) 1?7
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Different percentile ‘values of Xi are used for "the
conditional value F.

~ 4.2" The Elicitation Procedure

Let Ry be a subjectively elicited nxn correlation matrix .

partitioned as,

r~—

Rp1 w -
Rn ='[ ‘:Tl 1] . (14)

where Rpa isa(n-1)x (n-1) correlation matrix for n =
;3, ....... andWT = [P.m Au ------ Pn-|nJ.

Then Ry is positive definite if Rq.1 is positive definite and,
T p-1 < )
wo Ry, w <L (15)
(Kadane et al., 1980)

If the condition given by equation(15) is violated, then the
expert is made aware of the inconsistency and given the
option to change one of the correlation coefficient values

in the w vector. When a value is selected (say Bn) the

expert is informed of the real bounds for PBjn in which
the nxn matrix will be positive definite. These bounds,
_ '[:_'a'nd Ty (see Fig.1), derived-using the condition given by
equation(15), are the real roots of the quadratic equation,

§=t i ) .
ST +[Ci+ 0 + X SaWu + Y SpWaT (16)
. il imjtl .

. j=1 -1
+ t Ci+Ci)Wu+ T Ci+Cu)Wai-1<0
it 7 ) iwi4l

. ‘whereRZl; =

s _ '

8 | wia[wfir: wl]

s
= WIS, ;andCy = WfSs. -

L, e w:nl:tio:“:nladentzf.) for which bounds are required,

8y i a (j — 1)x(n — 1) matrix and Sy is a (n = b= j)x(n = 1) matrix,

WT and W] are 12(j — 1) and 1x(n = 1 ~ j) row matriccs, and
Sy, Cy and Cj are 1x{n — 1) row matrices.

This procedure, of introducing the next ordered variable,
eliciting correlation coefficients between. that and the
previous variables and ensuring that the correlation matrix
is positive definite is continued until Ry is positive definite.
Once accepted, the elicitation procedure does not permit
the positive definite Ra-1 to be changed. '
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4.3 Numerical Example ' -

In this section, we use the numerical example to illustrate
various aspects of the two stage process just described.
The correlation matrix elicited for this example from an
experienced engineer was given as, '

[1.0 -05 0 ]
R = |-05 10 —(4
- Lo -04 10]

Assume that the experienced engineer had selected A4, the
time required to fly the forms as the first variable while L,
the estimated labour usage had been selected as the third
variable. The value elicited directly for g from the
expert was equal to -0.5. It was stated that the negative
correlation between variables A(X1) and P(X2) suggests

the greater the productivity, probably the greater the
. efficiency of flying the forms and vice versa.

Instead of eliciting A, directly, if the process suggested
above is adopted, a hypothetical set of conditional

“expected values for X3, E[X2 X1 = F ), that could be

given by the expert to get 2, =~0.5 is given in Table 1. The
percentile values for 4 used as F and the /A, valués that
are evaluated from equation(13) are also given in Table 1.

The percentile values for 4 assumed as the value for F -

were taken from Table 1 of Russell and Ranasinghe
a%2. . -
. Table 1: Elicitation of p;3

"Percentile - | 5% | 25% | 75% | 95% -
.. F 1025 [033 ] 042 [ 05
E[X3)X, = F]| 21.0 |20.25] 194 | 18.6
. p2  _ |~049] -05]-048 | —0.51 |

For this numerical example, 2, is extremely sensitive to
the elicited conditional expected value for X2. For

example, suppose that E[X3)X1 = 0.33] was given as 20.5 -

instead of 20.25. From equation (13)

(E[XalX, =0.33] — E{Xa]) o ..(17)
p1z = - i |
(0.33 — E[X))) i .

Since E[X1] = 0375; E[X2] = 19815; =008 and
= 1.54 (from Table 2 of Russell and Ranasinghe,. 1992),
from equation (17) the value for g, is equal to -0.79.
While this sensitivity cannot be generalised to all
situations, it highlights the inherent difficulties one faces
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when trying to - elicit correlation- coefficient values.
Development of a robust elicitation process is seen as

crucial to the practical treatment of correlations. The use -

of graphics is suggested as being central to this process.

An important part of the elicitation procedure is to have
the expert explain and preferably sketch the nature of the
relationships  between variables, and then identify the
region of interest where an estimate of correlation is

the relationship between productivity P and labour usage L
is shown in- Fig2. It is non-linear, and neither

-monotonically increasing or decreasing. During. the '
-licitation process, "the expert is asked to exercise

judgement regarding the practical region of the
relationship. Thus, it is explained that below a certain
threshold value, crew sizes are too small to permit effective
handling of the elements involved because of their size and
weight. Once crew sizes get too large, productivity drops
off quickly because of congestion and supcrvision

problems. By eliminating small and large crew sizes, the

idealised relationship shown in Fig.3-which represents a
plot of P(X32), versus L(X3) can be sketched. This figure,
combined with estimates of E[X2], E{X3], ;, a3 can
then be used to estimate ¢, . In general this process is
imprecise because the relationships between variables are

shaped by many' uncontrollable factors, and are at best .

subjective estimates bascd on extensive experience.

The value elicited directly for 2,3  from the expert is
considered to be consistent with the expert’s belief because
the 2x2 matrix is always positive definite. Thereafter, values
for A, = 0.0 (uncorrelated) and £ = -0.4 respectively are
considercd. Since the condition given by equation (15) is
satisfied for 5, and /A, , the correlation values are
accepted because the 3x3 matrix is positive definite.

However, if the condition was violated, for example if the
expert had said that /£, was equal to -0.65 instead of 0.0,
then the expert is made aware of the inconsistency and
given the option to change one of the correlation
cocfficient values in the w vector. When a value is selected
(say 4,) the expert is informed that the bounds for 2,5

in which the 3x3 matrix will be a positive definite

corrclation matrix from equation (16) are -0.59 and 0.99.
Such guidance is given by an intcractive computer program
called “CORMAT”. In evaluating these bounds it is
assumed that all of the other correlation coefficient values
are consistent with expert belicf.

[

-y

‘Enginecr’, Dccember 1993

‘5.0 Summary

We conclude by summarising the developed approach for
obtaining correlations in an engineering system.

1.. Model the engineering system as a function between a
decision variable Y and its primary variable X - i.e g(X).

" 2. Order the primary variables in order of confidence - the
desired. For the numerical example, an approximation of -

variable about which the most is-known in terms of
statistical relationships with others is first. :

3. Elicit the correlation between the first and second
variables in the list.  If historical data exist, estimate o
directly using standard computation procedures. If no data
is available, have the expert explain/sketch the perceived
rclationship between the variables.  Then estimate Pl
using equation (13). .

4. Continue the above procedure by adding one variable at
a time while ensuring the positive definiteness of the
corrclation matrix Rp. If Rn is not positive definite, use
equation(16) to compute acceptable bounds on - p;; -
which are fed back to the expert for consideration.
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Productivity (output / input)

) . Labour Usage

Fig. 2 Real Life Relationship Between . P& L

Productivity

Region of Interest
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Fig. 3 Idealised Relationship Between P& L
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