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Abstract

Simulation is often suggested to model and validate
engineering systems. This paper highlights some often
ignored requirements necessary for interpretation,
modelling and verification of simulation models applicable
to a broad class of e¢nginecring problems. Basic sampling
theory is used to determine the confidence of results
obtained from -Monte Carlo simulation. Examples of
known limiting cases to verify the simulation process are
suggested. A random number modification approach to
treat corrclations’ that exist in engineering systems is
suggested to obtain reality in modelling of systems.

1.0 Introduction

Simulation is often suggested to model (Dickmann, 1983; .

Hayes et al., 1986; Jaafari, 1988; Jayawardane, 1991; Perry
and Hayes, 1985; Thompson and Wilmer 1985) and
validate (Ang et al., 1975; Kottas and Lau, 1978, 1983;
Ranasinghe and Russell, 1991) engineering systems. The
objectives in both cases are to obtain, a realistic
representation of the physical process, prediction for the
performancc measures and quantifications of their
uncertainty. Simulation’s strength lies in its ability to focus
on the real characteristics of the problem as opposcd to
simplifications rcquired to make it analytically tractable.
Often, simulation is used to model and predict
performance of engineering systems without paying proper
attention to the fundamentals on which the simulation
process is based. Hence, the motivation to highlight some
often ignored requirements for a valid simulation process.

~ Jayawardane (1991), has described in dctail what
computer simulation is, its basics, the reasons to simulate,
the process, the available languages for computer

1. its confidence based on the number of iterations
(cycles); ‘
2. its verification using known results; and

3. its ability to treat corrclations in the system.

Various views have been expressed on the number is
iterations (cycles) that should be performed (Bennett and
Ormerod, 1984; Flanagan et al., 1987; Jaafari, 1988; Inyang
1983; Perry and Hayes, 1985). The recommended number
ranges from 100 to 1000 iterations. We have however,
returned to basic sampling theory to determine the number
of iterations required to be able to explore confidence
levels. '

Rarely, is a simulation process verified using known results
to find out whether the simulation model is working
properly. We explore two limiting cases that were used to
verify the simulation proccss for the numerical example of
a project duration network uscd by Ranasinghe (1992a). .

~Treating correlations that exist in the systems is often

ignored due to the inability to include them in the
simulation model. We suggest a random number
modification approach to trcat correlations.

This paper is structured as follows. The Monte Carlo

simulation and possible areas of application in’

construction operations. For discussion purposes herein,
we focus on Monte Carlo simulation, the most popular and
the simplest approach to simulate an engineering system.
We explore three issues that are often ignored, but

necessary requirements for a valid simulation process,
namely,

simulation and its confidence levels based on the selected
number of iterations is described in the next section. Two
limiting cases to verify the Monte Carlo simulation process
for a project duration network are presented in the third
section. The first is the duration of a parallel network of
identical activities, while the second is the duration of a
single path network. A random number modification -
approach to include correlations in a simulation model is
suggested in the fourth section. Finally, we summarise and

conclude the paper in the {ifth scction.
A

2.0 Monte Carlo Simulation

Conceptually, performing a Monte Carlo’ simulation is
simple. It requires: ' .

¢ deterministic model(s) to describe the performance |
measure(s) of the engineering system; .
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identification of the random variables in the models(s);
a cumulative distribution for each random variable;
a random number generator; and

using a random number from the uniform distribution
on the interval [0.1], (i.e. U(0,1), as the entry point in a-

cumulative distribution function of the variables (see

-Fig. 1).

In each iteration (cycle), values for the random variables .

obtained using the random number generator and the
cumulative distributions are used to evaluate a value for
the performance measure of the engineering system. The
larger the number of iterations, the more reliable are the
results from the simulation (Eilon and Fowkes, 1973;
Flanagan et al., 1987; Inyang, 1983; Jaafari, 1988; Hertz,
1964; Hull, 1977, 1980; Kryzanowski et al, 1972;
Newendorp, 1976; Riggs, 1989; Van Tetterode, 1971). The
procedure described above howcver, implies that.each
random variable is independent of the others.
engineering systems variables are correlated (Cooper and
Chapman, 1987; Inyang, 1983; Perry and Hayes, 1985).

The literature is diverse on the number of iterations that
should be performed for an "acceptable” simulation
(Flanagan et al., 1987; Jaafari, 1988; Inyang 1983; Perry
and Hayes, 1985). The recommended numbers range from
100 to 1000 iterations.  However, most of these
recommendations are not supported theoretically or
empirically, and may not be applicable in all situations
(Inyang, 1983).

Bury (1975) has shown that the error band of the
cumulative distribution function for the performance
measure gencrated from a simulation can be evaluated
from the Kolmogoroff statistic. Error band is the accuracy
to which the cumulative distribution function for the
performance measure generated from the simulation
approximates to the unknown cumulative distribution
function of the performance measure of the engineering
system. For example, at 95% confidence level, the error
band brackets - the unknown cumulative distribution
function for the performance measure in 95% of all
simulation samples. Fig. 2 illustrates the width (E) of the

error band at 95% and 90% confidence levels versus

number of ilerations. That is, given a cumulative
distribution function generated for “the performance
measure Y, and a specified value y, the band on P[Y & y]
is, : '

PIY & y] X E. )

For examplc, at the 95% confidence level, 100 and 1000

iterations have error bands of X 13.6% and * 43%
respectively.  For an error band of = 2% at least 4600
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a sample value from each distribution for each iteration

In most -

time probability p(f).

and 3800 iterations are required at 95% and 90%
confidence levels respectively.

The error of the estimates for expected value (mean) and
variance for performance measures from a simulation at a
desired confidence limit (probability) can be approximated
from the assumption that the underlying distributions for
the statistics are normal (Inyang, 1983). The error is the °

_percentage within which estimates for “expected value

(mean) and variance are to be of the true values. Fig. 3
illustrates the error of the mean and variance at 95%
probability. For example, 1000 iterations will give an error
of X 6% and :% 8.65% for the mean and variance of the

performance measures respectively.
3.0 Verification of Monte Carlo Simulation

Since Monte Carlo simulations are uscd to model and
validate engineering systems, it is esseftial that the
accuracy of simulation process as implemented be verified.
Two limiting cases for which the analytical solutions are-
exact are utilised as examples to demonstrate the
verification of the simulation process that was developed to
validate the numerical example of a project duration
network used by Ranasinghe (1992a).

3.1 First Limiting Case : Parallel Network

A parallel network consisting of thirty five identical
activities in five parallel paths as shown in Fig. 4 is used as

_the first lumtmg case. Every path in a parallel network is

independent of all the other paths. When using the critical
path (or PERT) approach every path in the network is a
critical path. Then, the cumulative distribution function
for project duration should be the cumulative distribution
function obtained from any path duration.

However, the bounds on the probability p(t), to complete a
project in time ¢ are given by (Ang et al., 1975),

H P(T;<t) < p(t) < min P(T; <), (2)
1=1

The lower bound of project completion time probability
p(b) is the upper bound for project duration for a desired
probability of success (Ranasinghe, 1992a).  The
cumulative distribution function for project duration from
a parallel network can be obtained from the lower bound
of p(¢), because each path is independent of the others, .
leading to a consideration of all paths. Therefore, the
cumulative distribution function for project duration for
the parallel network from a valid Monte Carlo simulation
process should give the same cumulative distribution
function as from the lower bound of project completion

‘In other words, it should be the
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cumulative distribution function for the upper bound from
the PNET algorithm (Ang et al., 1975).

The expected value for duration for all activities is
assumed as 3.64 days and the standard deviation as 0.67
days, respectively. The cumulative distribution functions
for project duration from the critical path, upper bound of
the PNET algorithm (Ang et al., 1975), and a Monte Carlo
-simulation of 20,000 iterations (cycles) are depicted in Fig.
5. Note the agreement between the cumulative distribution’”
function generated from the simulation and that for the
upper bound of the PNET algorithm and the significant
underestimation of the cumulative distribution function
from the critical path (or PERT) approach. The statistics
for project duration from the analytical solutions and
simulation are given in Table 1. Again, note the agreement
between statistics from the simulation with those when all
the paths are considered.

- Tablel
Statistics for Project Duration for
First Limitiang Case

‘Project Duration | Expécted Standard
(months) . Value Deivation
Critical Path " 25.51 1.76
All Paths 27.63 1.24
Monte Carlo .Simulat,ion 2;.60 1.30

3.2 Second Limiting Case : Single Path

The lower bound for project duration (critical path/PERT
approach) is exact only for a single path network
(Ranasinghe, 1992a)." Therefore, for the second limiting
case we have assumed a network consisting of a single path
in the parallel network with activity duration statistics as
before. The cumulative distribution functions for project
duration from the analytical solution and a Monte Carlo
simulation of 20,000 iterations are depicted in Fig. 6. The
statistics for project duration from the analytical approach
and simulation are given in Table 2. .

4 "Table 2 '
Statistics for Project Duration for
Second Limiting Case

Project Duration Expected Standard
(months) A Value Deviation

Analytical Solution 25.48 1.76

Monte Carlo Simulation - 25.49 2.03
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For the siﬁgle path case, the analytical solution for
expected value and standard deviation for project duration
are exact. We also attribute the diflference in the standard
deviations to the sensitivity higher order- simulation
moments have to extreme points of the simulation (Kottas
and Lau, 1983). ‘

These limiting cases provide a verification ef the Monte

_ Carlo simulation process used for validating the numerical
" example of a project duration network used by Ranasingh

(1992a). | : :
4.0 Treatment bf Correlations in Simulation

The importance of treating correlations betwcen variables
in Monte Carlo simulations has been long recognised
(Eilon and Fowkes, 1973; Inyang, 1983; Hertz, 1964; Hull,
1977, 1980; Kryzanowski et al., 1972; Newendorp, 1976;

- Thompson and Wilmer, 1986; Van Tettcrode, 1971). None

of the suggested methods however, has been rigorously
validated. After an extensive review of the available
techniques, Inyang (1983) proposed the following
approach to model correlations in Monte Carlo
simulations for engincering systems. '

1.Random numbers are generated for each of the variablcs
that make up the simulation model. A column of random
numbers is thus generated.

" . 2.The correlation factors between variables have to be

input as a matrix. The random numbers are modified
depending on the correlation with each other. Any type of
correlation factor (total, partial or no correlation) can be
handled. C

3.The value for a variable is obtained depending on the

. value of its modified random number as a result of the
correlation between the variables.

‘We agree with Inyang (1983), that the above procedure is

the most suitable approach to model correlations in
simulations. However, two shortcomings have to be
highlighted. First, an algorithm for the modification of
random numbers was not developed by Inyang (1983).
Second, the correlation matrices elicited for the simulation

have to be positive definite (Ranasinghe, 1992b).

The random numbers can be modified by extending the
algorithm developed by Van Tctterode (1971) to the
multivariate situation. Even though the random number
correction is pairwise, the use of a positive definite

- correlation matrix to modify the random numbers assigned

to the variables recognise the multivariate situation.. The

random number correction suggested by Van Tetterode,
(1971), is as follows.

‘Engineer’, June 1993



RN = RNj + aij (RN; - RN)) €))

where RNj and RNj are the jth and jth random numbers in

the column generated from U(0,1), (step 1, Inyang, 1983),

RNjj is the jth random number corrected for the
corrclation between variables i and j in the matrix of
corrected random numbers, and «j is the correction
factor given by,

where  gij is the correlation coefficient between variables
i and j. The correction factor ¢ jj is lies in the interval,
0 £&ij & 1 (see Fig. 7) for all correlation values. The
modification from equation (3) and (4) ensures that the
corrected random numbers are within the interval [0,1].

A simple numerical example is prescnted to demonstrate
the random number modifications process. Assume a
three variable model having the following positive definite
correlation matrix, R, where

0.42

1.0 -0.48
R = [-048 1.0 -0.69
042 -0.69 1.0

and the column of random numbers generated from U(0,1)
as

[0320.750.14]7

hhen, the matrix of ajj values from equation (4) is,

1.0 0.35365 0.31638
| 0.35365 1.0 0.48804
0.31638 0.45304 1.0

a =

here a is the matrix of correction factors corresponding
to the correlation coefficients between variables. The
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matrix of random numbers corrected for the correlation
valucs from equation (3) is,

0.32 - 0.5979  0.1969
RN = [04721 075 04377
| 0.14

0.2631 0.4523

»

For each iteration, matrix RN can be computed from the
generated column of random numbers. The strength of
this approach is that the corrected random numbers will
always remain within the intcrval [0,1] (i.e. will be from the
uniform distribution U(0,1). Then, a row selected from the

. matrix RN at random can be used as the random numbers

for that iteration of the simulation knowing that the
corrected numbers are truly random.

5.0 Summary

In this paper we have highlighted three often ignored
requirements that should be considered when Monte Carlo
simulations are uscd to model and predict performance of
engineering systems.

The confidence of predictions for performance measurcs
of engineering systems are always relatcd to the number of
iterations (cycles) of the simulation. The larger the
number of iterations more accurate are the predictions for
performance mcasures. The confidence on the generated
cumulative distribution functions, expected values and
variances can be described respectively in terms of error
bands and percentages within which the predictions are to
the true values. The nccessity to verify the simulation
process using known analytical solutions was highlighted as
the second requirement. Examples of limiting cases used
to verify the simulation process for a project duration
network were demonstrated. The importance of treating
correlations to obtain realistic representations was
highlighted. A random number modification approach to
include correlations in the Monte Carlo simulation process
was developed. '

Simulation is a powerful tool to model and validate
engincering systems. It is therefore essential that proper
attcntion is paid to the fundamentals on which the process
is based, to obtain maximum benefits from simulating
engincering systems.
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