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1 Introduction

. Analysis of Control System Dynamics is usually done
either in the time domain or in the frequency domain.
In the former, the systerh dynamics appeat in the form of

diffzrential equations, and in.the latter, by Laplace trans-

formation, the§ appear as ordinary algebraic equations.
It may seem that the task of solving algebraic equations

is much easier than solving differential equations. How-

ever this i§'not true. There is_no straightforward method

.of solvirig algebraic equations when the degree of the
equation exceeds 2. Lin’s® method of Trial Divisors is.

often used in such cases, but the labour involved is quite

excessive; In dealing with Control Systems in particular, -

a knowledge of the roots of the characteristic equation
is essential, because the stability of the system and its
transient response is entirély governed by the roots of the
characteristic equation. Furthermore the desigaer often
wishes to know how these roots are affected by any
intended or unintended changes in one or more system
patameters. The frequency response method of Nyquist4
and the Root Loci method of EvansS are some of the well
established techniques in this field. -
A

« In the Nyquist method, knowledge of the open loop
transfer function - (either- explicitly or ‘deduced experi-
meatally), enables deduction of useful information regard-
ing the stability of the closed loop system. The concept
of gain margin, phase margin and crossover frequencies,

as obtained from this method provide some information’

regarding the degree of stability. However only in those
cases where it can be assumed that the system response is
dominated by one pair of complex poles is it possible to

relate directly. the. concept of -phase margin, and gain.

margin and crossover frequency with some of the time
domain specifications such as damping ratio, overshoot,
settling time etc. The question is to know beforehand

whether such an assumption is valid, and. this cannot be’

.known until all the closed loop poles are located.

"In the Root Loci method, the migration of the closed

loop poles of the system, ds the loop gain constant is varied,
is shown in the form of curves. Thesé plots yield valuable
information to the system designer. The main difficulty
eacountered is the accurate construction of these loci
themselves, as for example, p

(i) Several search points have to be located to obtain
" an accurate plot. :

(i) The location of breakaway and break in points

plot.-

: > ’ -
(iii) The calibration of the curve with respect to the
gain constant parameter is tedious.

The use of the spirule, can reduce the labour involved, -
to a certain extent, In addition; this method permits the
vatiation of only one particular parametér, namely the

‘system loop gain. Modifications have been devised$ for

the study of the variation of other parameters but these
are complicated. Another important feature of this method .
is that, even a slight modification of the system causes
fadical changes in the nature and shape of the Loci plots.
For example, the introduction of error derivative or inte-
gral of error type of compensation, which is equivalent
to adding an extra zero or pole in the open loop transfer
function, results in an entirely new shape of the Root Loci

- When viewed in this light, the method of Mitrovicl,2
has several distinct advantages such as (i) possibility of -
simultaneous adjstments in two parameters (ii) work is
entirely in the real vatiable domain (iii)all system poles are
located simultaneously (iv) only one -set’ of curves ‘is
needed in most cases and (v) application to a wide vatiety
of cases. -Basically this method can be regarded as 2 modi-
fication of the Contour Integration. method of Nyquist,

- mapped onto the (a,—a,) parametric plane with the

v

. programining part is quite simple (section §) and even a

important exception that the function considered is the
characteristic polynomial of the closed .Joop system,
instead of the open loop transfer function. In this method,
a family of cugves.are generated, each-one corresponding
to-a particular value of damping ratio g, satisfying the
characteristic, equation, " A set of simple algozithms is
used, repetitively, to generate a table of coefficients from
which the curves ate generated.. Howevet, without the
help of a calculating machine the numerical work in-

volved can be quite formidable, and perhaps this is the -

reason, w'hy this method has not become popular so far,
In this era of computers, this is no longer a problem. :The

small computer or-a desk calculator with a small memory

. unit is, sufficient for the purpose. . . L

. .involve the solution of reciprocal equations (trial ‘

and error-method),

4
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a Formulation

1}

Consider the feedback control system, having a
forward transfer function G(s) and feedback transfer
function H(s) (Fig. 1). Assuming Ny, N,, D; and D,
to be polynomials in s, the characteristic equation of the
closed loop system can be written as,

F(sy=Na(s).Na(s) + Di(s)=>" a,sK = 0 1)

k=o

A nccessary (but not sufficient) condition for stability is
that all the coefficients ax be positive. Rearranging (1)
by substituting the generalised variables x and y in place
of a1 and ao,

a .
f(s) = 2 aksk +xs4+y=0

k=2

Substituting for the complex frequency variable §, in
terms of Wo the natural frequency and g the damping
ratio,

A

where O< o. < .T

-~

and if g is constant, and , is varied, we obtain the locus
of a line such as BOA of Fig. 2; It can be shown from

’ (1), (2) and (3) that

n ke
1= %% @) ) and
k=2 .
y=— w: (i akwok_z ¢k—1 (8).) (5)
' k=2

where ¢'k(g) is given by the recursive relation,

#0) =—[280r® + 5 ®]
bay=Ond @) = —

Equations {(4) and (5) define the mapping of theline BOA

into the Ogy plane, as mapped by the function f(s). The .

functions ¢k are independent of the degree of f(s), and
of the coefficients ak of the characteristic polynomial.

#k can be calculated once and for all, for any desired

value of g.

A

Now consider the contour Sy in the s-plane (Fig. 2),
Suppose we wish to determine if all roots of f(s) = o.
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have a damping ratio greater than a given value g. For
the assumption to be valid, the contour Sy should enclose
all these roots. Since all the coefficients ag are real, it
follows that, contour S also encloses all these roots.

Assuming that f(s) does not vanish on the contour §,

. we can deduce from Cauchy’s theorem that the increase

in the argument of f(s), when the contour S is traversed
once, should be equal to 2mA | where m is the number
of roots of £(s) lying within S. If m equals n, (the order of
the system polynomial), then all the roots of f(s) have a
damping ratio greater than the value corresponding to S.
Now, we can assume without loss of generality that
an > 0, and since f(s) tends to 255" as #g tends to in-
finity, the contribution to the argument by the semi-
circular path ADB tends to nar. Therefore the contribution
by the path BOA should also tend to nr.

Instead of considering the mapping of S by £(s) explicitly
we consider the mapping of S into the Oxy plane as defined
by equations (4) and (5), and find the corresponding re-
Jationship between this curve in the Oxy plane and the
mapping as defined by f(s) directly. From equations (2),
(4) and (5), we obtain the relationship,

f(s) = Bo—7Y) + s(a: —x)

Knowing the cutve in the Oxy plane, the shape of the

curve in the s-plane can be easily deduced using equa-
tion (7). An accurate plot of the curve in the s-plane is
not necessary as we are interested only in the increase in
argument of the curve. Furthetmore, as will be evident
from the subsequent discussion, we need not draw the
curve in the s—plane at all. We can simplify the procedure
still further by considering the mapping of the portion
OA only, instead of BOA, as given below.

Draw the mapping of the line OA in the Oxy plane as
defined by (4) and (5). By allowing wo to vary from zero
to infinity, corresponding to the particular value of g.
Let this contour be named Cg. Th= necessary and suffi-
cient conditions for all the roots of f(s) = o, to have
a damping ratio greater than the value corresponding to
the contour S, have been deduced by Mitrovic!,$ and
are given below: .

(i) The point M (x = a,, y=a2,) should lie in the
first quadrant.

(ii) The lines y = a2, and x = a; should cut the Cg
curve alternately, starting with the line y = a,.

(iii) The number of such intersections described in
(ii) is m where m is the largest positive integer
satisfying the inequality

K}




m +(!—(-l)"‘) < n( +. e)......()..k'l
: NN
where 8 = Sin (g)

Thus, thé_ problcm. of regional location of roots has

been simplified to the drawing of the curve Cg, locating
the operating point M (a;, 3,).and inspecting the number
of intersections of the lines through M, parallel to the
~ x-axis and y-axis, with the curve Cg. A table of values of

n, g and m corresponding to the inequality (8) is given -

bclow for ease-of refercncc :

n Range of g -
ange g‘ g m
) : i
2
- o .<g %!
T o 2
3 oo <g oo ;-
oj0 <g g1 4
1 .o ) 3
4 oo <g gojso 4
050. < g < 0.707 5
0707 < g g. X 6
o ' : 4
| eo Qg goss | s
5 0309 < g < o707 6
' ” 0.707 < g. £ 0.809 7
© 0809 <'g g 10 8
. o . . '. " ’
' oo < g < 0309 6
6 - “0.309 < g & 0.588 7
, "'0.588 < g ¥ o.809 8
0809 < g 5-0.866 9
" . 0866 <g €310 |- 10
TABLE I

°

For example, in the specific case .of n =13, g=oys,

"m should be 3. From Fig. 3, it is seen that the operatmg

point M; satisfies all the condmons whereas the operanng :

point M, does not.

3 _Qompumtion

' The applxcatlon of thc Co curves )ust explamcd cover

- a very wide field, Th_reforc the actual computation of

these.curves will be described in detail. We can rewrite
equations (4) and () in thc form
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X = aFe (9)
2
n
F
y - — w: ﬂk k“] ..... (lo)
2
k-1

where Tk = Py (g). 'wo

Fx, which is a function of g, w, and k will hereafter be
referred to as the Mitrovic Coefficient. - Note that Fi is
independent of the system order n, and the coefficients
ak. These Metrovic coefficients can be calculated once
and for all, and stored for as many values of g and W,
as we choose. The computation of x and -y then simpli-

* fies to the simple summation algorithm defined by equa-
tions (9) and (o).

When these curves are actually computed, it is found

that the range of values of x and y vary very widely, since
they depend on the values of the coefficients ak, (k> 2)

and also on the range of wg selected. Theotetically the’

range of wo should be from zero to infinity. It is desirable
to know beforehand how large a value of wo should be

Y
LII
Wy
1t /" 0, ., plane
. ’ x' .
f, y N
a1
.
/
Ill '
| a ® b, :
* X
0 k] 4 \ 8
w>0 -
\ §=0.45
Fig.3

. 1.0” is that all roots of £(s)
- Therefore the necessary and sufficient conditions for the

Fig. 3 Mitrovic Cuzve in the parametric planc ;

Engineer, Septemsber 1976 '

used in a practical computation. The process of numerical
computation can be generalised for all problems by a

. simple linear transformation of the vatiable s. By trans-

forming the characteristic equation to a form,

pt + pn—1 + a'n—z pit—2 4 2'n—j3 p0—3 + ... a'o
=0 .'...:(n)

. , ak |

where - 8 = 2 CA—k

the natural frequency wo, and the co-ordinates of the
operating point M become,

1 N
- wo ’ ar. v Bo
w=_2 a = =——anda = —— ... 1
0 C’ "17Ta,Cot o a cn (12)

For problems concemi:xg root location, stability and
design, a4 range of wo from zeto to 1 is sufficient (sce
examples I, IT and IIT) and for most applications, variation

of wo from zero to a value of 20t 3 is all that is needed.
(See Appendix A).

4 Applications

1. Stability of Closed Loop System. The system is stable,
if the damping ratios of all roots of the characteristic equa-
tion are greater than zero. Thus the curve G, should be
used for,dstermining stability and inequality (8) reduces
to the simple form m == n-1, by substituting g =0 =
That is, the operatmg point M =(ay, a;) should lie in the
first quadrant and the lines y=ao and x =12, should
intersect Co.o curve alternately (a - 1) tuncs starting with
the line y =20 (see example Ib).

2. Dstermination of Real Roots. Consider the case of
Cr.o curve. This is the curve corresponding to the
existence of double negative real roots, that is . of

Fig. 2 tends to Zz 'For this condition the inequality (8)
reduces to the form m == 2(n - 1). The interpretation of

the statement ‘“damping ratios of all roots greater than
=0 are real and negative.

existence of a totally overdamped system response is that
the operating point M = (a0, a:) should lie in the first
quadrant, and the linés y =20, x=1; should intetsect
the curve Ci.o 2(n-1) times alternately, commencing
with the line y= ao.
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" The curve Cp.o also yicld:'. 'inﬁ;z'ma’tioti tcga:dixi‘g_thé-

actual magnitudes of the real roots of f(s) - o. Howevet,

. somé of the properties of the Cy.o curve should be known

first, as they provide much assistancz in drawing this-

curve. These are given below.

. Forg=1,5= —‘r>and.'.hence I'Jy. {6), we get

=)k ....(13) and Fe(—1)k ketk—1 ... (14)

Also, o P

* (i) Cr.o curve has only one extremum and that occurs
at the origin. C

(ii) Cs’o cuzve has no poidts of inflexion.
(ii_i)" dy/dx = —atr all points along the Cr.o curve.

(iv) The C;.o curve may have cusps at certain singular
‘points. The
(n-4) . ..etc., where n is the order of the equa-
tion. "These cusps occur at values of 6 which are
<the roots of £’(—r) == dx/dr = o.” For there to

be cusps, these roots. must be real and simple.

ol .(v) The real roots of f(s) = o are given by the negati\fe :

of the slope of the tangents from the operating
point M = (30, ar) to the curve Cr.o. (Fora proof
of these results see Appendix B).

‘Por’illustration of the px;operty'regardin'g the cusps,
consider .4 third degree equation which will have either

-one-cusp or none. (A fourth order equation' will have

cither two or none, a fifth order equation, either 3 or 1’

or none etc.). An explicit solution of theequation £”(-r) -

=dx|dr==0 is not necessary; it is only necessary to keep
track of thesign of dx/dr, as't, the explicit parameter of

the Cy.o curve is vatied. When dx/dr changes sign, a’cusp..

isindicated and the C;.o curve passes from one side of the
tangent at the cusp, to the other (see Fig. 4a). A separate
computation of dx/dr is not necessary. It can be shown
(see Appendix B) that, . . N

dx - -
fr=— 2 ki
~

'Heticc dx/d ! can bz calculated at'the same time x, ,y.atc
being calculated. ‘ ’ T

. The determination of the real roots by drawing tangents

- eould become rather inaccurate if attempted by hand
especially when the real roots are large. However these
" tangents can be drawn accurately even though the point

_of tangency is inaccessible or cannot be known exactly, .
“The slope of theline is known to be (- r) and the point
- - at which it cuts the x axis is given by" : s

4

‘. : . :
. a -
. X =2 .Ek.F_k (sce Appendix B)
.2 ' :
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* which also can be calculated, Since the slopé and one

point of the line are known precisely, it is possible to-
draw accurately the family of tangents.for as many values
of r,. as may be nceded (Fig. 4b). e '

"-- It should be clear from what has been discussed $0 far,

that this method is ideally suited for programming on a -
calculating machine. With the help of a small digital .
computer, capable of storing the Mittovic coefficients,
the computation of the Cg curves,; and the fangents to the
Cr.o. curves is'quite a simple task. The program devised
for this purpose is explained in the next section.

s

¢

The number of cusps is either {n-2),-
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Fig. 4a Mitrovic cutves for the third ordet system (Example 1
: * " of Section 6). " . : : )
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_Fig. 4b 'Family of Tangents to the Miteovic' Curves g=1.

‘(Example 1:0f Section 6).
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s Computer Program

The computer program for the application of this
method was developed in two stages, and was run on the
IBM 1130 computer at the Faculty of Engineering, Pera-
deniya. A Plotter is available as a peripheral. In the first
stage a program was written for the evaluation of the
functions ¢k for different value: of g and k. These were
then used to generate the matrix of Mitrovic coefficients

Fi, which was then stored on disc. The system order
considered was limited to 2 maximum value of 3. The
damping ratiosselected were from zero to unity in steps
of 0.05. The normalised frequency range was from zero
to 2.0 also in steps of o.05. This subdivision permits
sufficient accuracy for most practical applications. By
plotting the Mitrovic curves on a sufficiently large scale,
the values of g and wo can be estimated to an accuracy
of 4+ o.01 p.u. which was considered adequate. It should
be noted that enhanced accuracy is not limited by the
method adopted and this can be obtained at the expense
of computer storage and execution time. While calcu-
lating the points on any particular Mitrovic curve g, g
does not change. Hence the §820 Mitrovic coefficients
were stored as ordered arrays in such a way as to faci-
litate their recall.

The second stage was the development of the program
MITRO. The user has to supply the values of n, the
system order m, the number of Cg curves desired, ak, the
array of cocefficients of the characteristic polynomial, and
g, the array of values of damping ratio desired. The
cocfficients ax are first normalised and then using- the
corresponding Fk coefficients, the points on Mitrovic
curve are computed. The output is given in the form

Engincer, September 1976
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of a table of the normalised frequency wo, and the co-

ordinates of the points on the Cg curve. Facilities are

provided for e graphical display of some or all of these
curves on the plotter. An optional facility is the enlarge-
ment of the region around the origin in the case of the

C:i.o curve, to show more clearly the location of real

roots, Whenever unity damping ratio is specified in the

data by the user, the program also calculates dx/dr, and
data pertaining to the family of tangents of the C;.0 curve,

These results are supplied in the printed output. The

family of tangents can also be plotted at the same time

(see Fig. 4b). Note that any problem concerning third

order systems can be solved by just one set of curves,

which need be computed only once. This chart, called
the Mitrovic Chart is extremely useful in the solving of
many types of problems concerning Control Systems
which can be approximated to the third order.

(To be continued)
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