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Abstract

In this paper we model the hospital bed occupancy by an
infinite server queueing system with time varying Poisson arrival
and service processes. Upper and lower bounds for the mean R
number of beds occupied are derived and simple conditions on *'
the patient admittance and discharge rates a1¢ givén to guarantee
the boundeédness of the mean number of beds occupied.

Introduction

In this paper we consider the hospital bed occupancy
problem. This problem cannot be modelled as a station-
ary queueing system, since patient admissions and dis-
‘charge rates vary over time. To be precise, one may
expect these rates to vary cychcally over time with a
24-hotir cycle.  Very few people may be admitted or
discharged during -nights. Therefore, we will model
-this problem as a queueing System with time varying
arrival and service rates. It may be moreé realistic to
assume a finite number of beds and then look at the
‘adequacy of that number to handle the arrival and ser-
vice pattern. However, the analysis of such a system
is complex. Therefore, we will model this bed occu-
pancy problem assuring the availability of sufficient
number of beds. That is, we will model this problem as
an infinite servér queue. We will further assume that
‘both arrival and service processes are nion-Homogeneous.

System

Poisson processes. Hence, we will represént this bed
occupancy problem by a Poisson arrival, -exponential
service time infinite server queue (M;M; o) with time
Varying arrival and service rates.

The M/M/c0 Queue with Time Dependent Arrival
‘and Service Rates
Considér an M;M; e queue with an arrival rate A(t)
and service rate u(t) that varies with time t. Let N(t)

beé the number in the system at time t and 1ts mean be
L@). Now define

* L »
At—_-.- max (A(x)) and “t min (p(x))
0<x<t ~ 0<x<t

% g R ’
and assume that '\t < o and p: > 0. Let us now con-
struct another M/M; 0 queue (shown in Figure 1 as

%
system 2) with an arrival rate of Az(x)=At—A(x)iO

~and a service rate of p.z(x):-#p,: >0, parallei' to our

M/M/o queue (shown as system 1 in Figure I). As.
shown in Figure 1, it is assumed that a customer leaving

0
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system 1 will euher leave the overall system O with
probability p(x) ut/ (%) or enter system 2 with prob-
ability 1 — p(x) at time x (0 <% < t). Let Ny(x) and
Np(x) be the number of customers in the systems 2 and™
0, respectively, at time x. Then N)x) = Ny(x) — Np(x).

It can be easily varified that the probability of an
arrival to the overall system 0 in (X, X 4+ AX) is (A(X)

+ M%) Ax + O(4x) = X" Ax+-0( Ax)and depar-
ture probablhty in (x,x -+ Ax) 1s NX) p x)p ) +

Z(X)yL Ax-0( Ax) = NO(X),u ¢ Ax-}-0( Ax). That is
the overall system O behaves like an M/M/o with an

. % : 3
arrival rate )‘t and service rate p ¢ during (0, t). Since

)t: and p,: are. constants during (0,t). from the results
available in Collings and Stoneman (1) we have for the
mean Ly(x) of Ng(x), assuming N(0) =
At
* t
LOexp(-y, x) +—
Pt
*
(1-exp(—yx), 0<x<t M)

Ly(x) =

Since A} > o and u} >0, we have Ly (x) > o,

0 < x <taslongasL(0) < o . Wehave
- N@® =N, (®x)—N; (x) and N, (x)>0
Then N(x) < Ny(x) and therefore
L <L® @
_Then from (1 and () for x = t
)\ * -
L (1-exp (—pgt)) (3)
t

L (®<L0)exp (—p}t) +
Then in the limit as t_.)oo .
lim L(t) = L <. )\"‘/y.

where X, >2% and pi> pt for all t>0,

Equation 4(3) can be used to develop an iterative bound
for L(t). Suppose we choose intervals g4, n = 1,2,....,
g0 = 0, from (3) we can show by induction that

A*
* n
=Lu (tn- )exp(—une) + w

if >0 @
n

L]
Ly (1) (1—exp(— p.n'é))'
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andLy)t) =L (t, ) +)\:g if . =0for t=tu_, +¢
n
and 0 <¢ <g¢p,

*

wheretu=2';=0 (En)s p = min (b)),
oty <ty

® .

A= max > (A(t) and L,(t) is an upper

Tty Sty

bound for L(t). From the above result we can further
reduce the restriction on A(t) and u(t) to the following:
as long as A(t) < oo and the total length of time during

*
which p = 0 is finite in (0,00 ) the mean number L(t)
: n

<o for all t < 0 assuming L(0) < .

Now define

A min (A(X)) and ,u. = max
- 0<x<t 0<x<t

(u(®)

“To obtain a lower bound let us construct another system.
Here the arrival rate to the overall system 0 is A(x) and

the departure rate is N(x)u(x) (shown in.Figure 2) at
time x. That is, the overall system O behaves like our
M/M/oo queue with arrival rate £(x) and service. rate
u(x). However, within this system 0, there are two
sub-systems 1 and 2.- Th& arrival stream to. the system
0 is divided into two such that the arrival tate to system

. .~ A. l )
Lis At and to system 2 is A,(x) = A(X) -- ¢ during

~

Y and of system

(0,t). The service rate of system 1 is ]

2is u(x). A job leaving system 1 will either leave the

system O with probability p(x) = u(x)/Y , or join system
2 with probability I-p(x) at time x ¢ (0,t). Let Ni(x)

21



System 0

System 1
p(x) = u(x)/ut ,
Ut . -~
1 - p(x)
A(x) h
———-—-——&-—
System 2
u(x) b= =
FIGURE 2

and N,(x) be the number in the systems 1 and 2 at time
x and let L,(x) and L,(x) be their mean values. Then
N(x) — Ny(x) + Nx(x) and L(x) — Ly(x) + L.(x).
It can be easily varified that the overall system behaves
like our M/M/oo queue. Inspection will also reveal that
system 1 behaves like an M/M/oo with constant arrival
rateAl- yt and service rate ut. Then similar to the deri-
vation of the upper bound we can show that for t |

t=ty—;+¢gand0 < ¢ < €,
Le (t) = Le(ty—1) exp (- l‘ni‘) +in (1—exp (pn8)
fon |
if g >0 (5)
and L (0 = L, (tg.1) + Agg if = 0 is a lower
-bound for L(t). That is
L, O<LOSL, (.
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A plot of L (), L() and Ly() for the example

A(t) = 0.5(1 +0.9cos(t/12)), y(t) = (14-0.9cos
(7(t12)/12)

and L(0) = 2.865 considered by Collings and Stoneman
is shown in Figure 3. Note that better and better bounds
can be obtained by reducing ¢, further and further.
Obviously as '
Le(t) —> L(t) and
€,—> 0, n=12,...,
L,® —> L.
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Lu(x) for e, = 24

Lu(x) for €, = 1
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Ln(x) for €, = 24 .




