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Abstract

A depth-averaged elliptic computational model in
curvilinear coordinates, named the SHAFLOW model,
is developed for the computation of velocity and depth
computation in shallow water rivers. The grid
generation module is based on a quasiconformal
mapping method where the numerical solution of two
partial differential equations is found to generate the
boundary fitted curvilinear grids at required grid
spacing. The flow computation module is based on
steady flow shallow water equations written in
curvilinear coordinates. An iterative algorithm similar
to the SIMPLE algorithm is employed to solve these
equations. This SHAFLOW model is validated by
comparing the model predictions with the
measurements from test problems of a gradually varying
flow, two channel junction flows with flow recirculation
and with irregular bed topography. It is concluded that
this model with the proper parameters to represent the
friction and mixing, can be used to obtain sufficiently
accurate information of velocity and water surface
elevation in two dimensions for design purposes applied
to shallow water rivers. A case study application of the
model is summarized in an accompanying paper in the
same issue.

Notation

D

d,d, coefficients derived from momentum equations
for depth-averaged pressure correction equation

Grid aspect ratio

g gravitational acceleration

&3y 8 ,, Metric coefficients in transformation
H
H*  Hguessed or at current iteration level
H/  correction for H at current iteration level
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water depth

n Manning's roughness coefficient
Ry R, radii of curvature in 1, § coordinate lines

u,v depth-averaged velocity components in 7, &,
directions

ui

u*, v* u, v guessed or at current iteration level

shear velocity

u/ ,v/ correction for u, v at current iteration level
Sy  mass residual

a underrelaxation factor

B non-dimensionalized effective viscosity

€ effective viscosity

& n  curvilinear coordinates

¢ water surface elevation

1. Introduction

A detailed understanding of the flow pattern and water
depths at different discharges in river reaches is
necessary for hydraulic engineers in the design of
appropriate flood control measures, estimation of
erosion and sedimentation, identifying favourable
regions for different aquatic habitats, etc.. This is
accomplished either by physical (scale) modelling or by
computational modeling. With the advances in
computers and numerical solution methods, the latter
has become more economical and widely used today,
though it is not a complete replacement of the former in
hydraulic engineering.

Computational models for rivers are essentially based
on the theoretical formulations relating to the flow, fluid
and geometric parameters derived by the application
of conservation laws and some constitutive
relationships. Such models of varying complexities have
been applied to predict river flows over the last few
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decades. Natural river flows are complex and three
dimensional, for example velocity varies across it, from
the bottom to the free surface and along the river. Thus
it is the usual practice that varying approximations,
justifiable to the river flow situation in hand, are made
to the equations in order to obtain the solution
conveniently at reasonable accuracy. Among the
computational models available, one-dimensional river
models based on the Saint Venant equations have been
applied to river systems for gross prediction of flood
water levels, discharge distributions and sediment
transport along rivers (Cunge et al., 1980). The
applications of three-dimensional computational studies
have, mostly, been limited to laboratory channel flows
with rectangular cross-sections. This is mainly due to
the numerical instabilities encountered in the
computations when the irregular bed topography
inherent to natural rivers is taken into account. On the
other hand, the depth-averaged models, which are
economical, also provide sufficient details of flow
velocities and flows in shallow water rivers, efficiently
and to a reasonable accuracy. Many recent applications
of depth-averaged models to laboratory channel flows
can be found in the papers by Molls and Chaudhry
(1995), Zhou (1995), Babarutsi et al. (1996), Ye and
McCorquodale (1997), and Lien et al. (1999). The
application of depth averaged models in Cartesian
coordinates to natural rivers have been presented by
Vreugdenhil and Wijbenga (1982), ASCE(1989). Also,
Wijbenga (1985) and Wenka et al. (1993) presented
applications in curvilinear coordinates which are more
suitable in applications to rivers. Nevertheless, the
detailed description of computational procedures is not
given in them, and also, no description on curvilinear
grid generation is given as they have used commercial
grid generation packages. In contrast, this Paper
presents, in detail, aboundary-fitted closely orthogonal
grid generation procedure, the development of a depth-

averaged model and a solution procedure similar to the
SIMPLE (Semi-implicit method for pressure-linked
equations, Patankar 1980) for flow computation in
natural river reaches. Finally the model’s capability has
been demonstrated by its applications to several flow
situations where comparison with measurement was
possible. They include a gradually varying flow in a
straight channel, flow in a channel junction with a flow
recirculation zone and a flow in a channel junction with
an irregular bed including a scour hole resembling a bed
topography of a natural river confluence.

2. Governing Equations

The three momentum equations and the continuity
equation written for general three-dimensional flow are
integrated over time and depth to derive the depth-
averaged equations commonly known as the steady
flow shallow water equations applicable to shallow free
surface flows (Vreugdenhil, 1994). In the derivation, the
vertical acceleration of water is assumed to be negligible
compared with the gravitational acceleration and that
yields the hydrostatic pressure distribution. The effective
stress tensor components in depth averaged equations
are modelled by a gradient-diffusion model (Kuiper and
Vreugdenhil 1973, Molls and Chaudhry 1995). The shear
stress on the free surface is neglected and the bottom
shear stress is modelled by relating it to the local free
surface slope. Then, the local free surface slope is
computed from Manning’s formula. The shallow water
equations in orthogonal curvilinear coordinates for
steady state flow are given in Eqns. (1) to (3). The details
of derivation of shallow water equations can be found
in Kuiper and Vreugdenhil (1973), Vreugdenhil (1994)
and Cunge et al. (1980). Similar equations can also be
found in Vreugdenhil and Wijbenga (1982), and
Wijbenga (1986). These are, using notation given at the
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3. Grid generation and coordinate
transformation for flow
computation

Numerical grid generation and coordinate
transformation are useful for creating a boundary-fitted
curvilinear coordinate system and obtaining the
numerical solution of the partial differential equations
governing the flow at arbitrary-shaped regions in
computational fluid dynamics. The main advantage in
using such a coordinate system compared with the
Cartesian coordinate system is that numerical
algorithms can be applied to general configurations
without the need of special procedures at the
boundaries. For, accurate numerical computations, the
grid lines in the physmal domain are placed at closer
intervals in the regions of high gradients than in other
regions. However, these curvilinear grid lines are

transformed to straight grid lines at unit spacing in the-

computational domain for the coding of the algorithm
to be simple.

Grid generation in closed boundary problems is
accomplished by the solution of elliptic partial
differential equations (Thompson et al., 1982). We use
here a quasiconformal mapping method where the grid
spacing at the boundaries can be easily controlled to
obtain the required grid spacing though the grid lines
will slightly deviate from the orthogonality requirement.

Consider the metric relations referred to the curvilinear
coordinate system (£, n) and Cartesian coordinate
system (x,y) in Fig.1. For an orthogonal curvilinear
coordinate system, we can write the Eqns. (4) to (6) given
below using the base vectors

=—i,+—i , = ——1i i -
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where, g.=g, g, and g =g g are metric tensor
components. Interested readers may refer to
Sokolonikoff - (1964) for more on coordinate
transformations.

Defining grid aspect ratio, 2 = L following
two elliptic partial differential equations can be obtained
from Eqns. (4) to (6).
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Figure 1. Coordinate transformation
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Eqns (7) and (8) form a Beltrami system of equations
describing a quasiconformal mapping between two
coordinate systems (Note that D=1 corresponds to




conformal mapping). D is a measure of the
nonsmoothness of a grid system and a monotonous
variation of D over the domain guarantees smooth grids.
The partial differential equations (7) to (8) are
descretized employing the central-difference scheme on
the finite difference mesh shown in Fig.2 to yield
algebraic equations for the coordinates x and y
connecting each coordinate with four surrounding
coordinates.
1
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Figure 2. Finito-difference grid;.

Solution procedure

The numerical solution of the algebraic equations is
found for generating the curvilinear grid in the given
flow region as follows.

Step 1:  Specify the coordinates of the boundary points
of the grid lines to be generated. Note that this
controls the spacing between grids. Create a
rough grid by interpolation.

Step 2: Compute the grid aspect ratio (D) for each grid
and create a monotonous variation of D in the
domain. For example, apply a five point

smoother for D.

Step 3: Solve the algebraic equations of 7 and 8 for x
and y. For example, apply double sweeps of
the Tridiagonal Matrix Algorithm (TDMA)
solver which is based on Gaussian elimination

( Versteeg and Malalasekera, 1995).

Step 4: Decide the suitability of the grid based on the
grid spacing and orthogonality of the internal
grids by direct observation, or alternatively, by

computing orthogonality index .

Step5: Repeat from Step 3 (that is iterate) until
satisfactory grid is obtained. A few iterations

(3 or 4) are usually sufficient.

Step 6: Compute metric coefficients of transformation
required for the governing equations. Save the
coordinates and coefficients of the generated
grid.

Fig.3 shows a 33x65 grid generated at a confluence
region (the Tone and Watarase river confluence in Japan)
by the above method after three iterations. The grid lines
have been closely spaced in the mixing region of
tributary flows and wall regions where the gradients of
flow velocities are high. The grid also possesses
sufficient orthogonality for use in flow computation
using Eqns. (1) to (3).
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Figure 3. An example of a gencrated grid (The Tonc and Watarase river confluence)

4. Flow computation

Discretization of Equations

The shallow water equations given in Eqns. (1) to (3)
are solved in the transformed domain for obtaining the
distribution of velocity components and the flow depth.
The equations are descretized on the uniform staggered
grids shown in Fig.4. The momentum equations are
descretized using the upwind difference scheme for
convection terms and the central-difference scheme for
diffusion terms. The continuity equation is descretized
using the central difference scheme. More details on
numerical schemes and descretization on a staggered
grid can be found in Patankar (1980), Roache (1972) and
Versteeg and Malalasekera (1995).

The continuity equation becomes
Hful’dgrm, - chW \} gqq, + Hllvl' \’ g“_ - Hsv.\' g“, =0

where
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and H is the water depth and u and v are velocity
components in the £ and 7 directions.

The subscript denotes the location of the variables.

The &-direction momentum equation becomes

Apllp = Al + Ay Uy + Ayl +agus + S, (10)

where,
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The n-direction momentum equation becomes

(11)
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Figure 4. Definition of variables in staggered grid

11

Solution Algorithm

The algebraic equations given in Eqns. (10) and (11) can
be solved to obtain the velocity fields u and v and if the
free surface elevation or depth ({ or H) field is given.
This velocity field should satisfy the continuity equation,
which is Eqn. (9). Therefore, the free surface elevation
distribution is guessed and corrected by an iterative
algorithm. An iterative algorithm is derived below for
the depth-averaged flow computation following the
same steps of the SIMPLE used for solving flow
equations that are not spatially averaged.

Underrelaxation -

In finding a numerical solution by an iterative process
for the momentum equations which are nonlinear partial
differential equations, underrelaxation of the solution
at each iterative step is practised by introducing an
underrelaxation factor: a(0<a<1). A lucid discussion on
underrelaxation can be found in Roache (1972). Thus,
introducing

L] .
U, =up +a,(u,-u, )

v, =y, +a, (vp - "r.)
the above algebraic Eqns. (10) and (11) become,

a a .
a—"u,, = Qg + Gty + AUy +agg+ S, +(1 -a,)-:'-u,. (12)

(13)

Vo =b,v, +b,v, +byv, +bv  +S,, +(1 —av)z—"v,,'

where, a are o underrelaxation factors for u ~and v are
the u, and v vafues from the previous iteration.

Velocity - depth coupling

The velocity-depth coupling has drawn much attention
in the reported depth-averaged computations
employing SIMPLE-like procedures as it is the most
crucial component in the algorithm with respect to the
convergence of the numerical solution (ASCE 1989,
Wenka et al. 1995, Zhou 1995 and Ye and McCorquodale
1997). Thus, an efficient form of the velocity coupling
equation, named the depth correction equation, given
in Weerakoon et al. (1991) is used.

The depth correction equation

ag\/g:{uu' -(Hd, ag} a\/a{"”' (”d) }
=_§\/g_w'(ﬁ'u’)—5;\/87.-( V)

(14)



The depth and velocity corrections are

H=H +H' (15)
., oH'
u=u - d¢ 36— (16)
/
v=v-d, aair] (17)
where
a.g

dn

= ——a'g
b8

and u* v*and H* are velocity components and the depth
at the current iteration level that need to be corrected to
satisfy the continuity equation. H/is the depth correction
required.

The depth correction equation is descretized on the
control volume shown in Fig.4 employing the Hybrid
scheme (Patankar, 1980) to yield the following algebraic
equation.

¢, =max(abs(0,0.5u, \[g,, ), dp, H, [, )~ 0.5, g,
¢y =max(abs(0,0.5u, \[g,, ) dy, H, [, ) +0.5u," [g,,.
¢y =max(abs(0,0.5%, [z, ), dp, H, [gz )-0.5%" g,
¢ = max(abs(0,0.5v, \[g, ) d,, H,'\/‘—gz )+ O.SVS'\/:gZ

Cp=Cp+Cy +Cy +Cy U, Jg,mr —Uy |8y +Vp ,/g“. -V ,,g“'

Su = c,;H,° —c,,,H,' +cy H,,' —c.\.H,'

Theterm S, which is the right hand side of Eqn. (14), is
the descretized form of the continuity equation. S,
represents the residual mass and approaches zero at
convergence. The total of the absolute value of residual

masses in the domain is considered to serve as the
indicator for the convergence of the solution.

When H/ distribution is found, the velocity fields are

corrected by the following descretized forms of Eqns.

(16) and (17).

u=u'+d¢(H,,/—H,=./) (19)
. / /

v=v'+d (H, - H,') (20)

Solution Procedure

The flow computational problem is defined for the
model by reading the curvilinear grid coordinates, the
bed elevations and transformation coefficients created
by the grid generation module, the roughness coefficient,

aam
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the effective viscosity and the discharge and
downstream water depth (or free surface elevation). An
iterative solution of the set of algebraic equations (10),

(11), (18) is found following the steps similar to the

SIMPLE procedure as given below.
1.  Guess the depth field H* and velocity fields u*, v*
Solve the momentum equations

Solve the depth correction equation

s woN

Correct velocities u*, v* and depth H*. For a few
initial iterations the depth may be updated with a
relaxation factor: @, H = H*+  H'. Choose a, such
that 0.3< @,<0.5.

5. Considering the corrected depth and velocity fields
as new guess depth field H* and velocity fields u*,
v* return to step 2 and repeat until convergence is
reached.

5. Boundary conditions

The boundary conditions used for solving the shallow
water equations have been discussed by many
researchers (Vreugdenhil and Wijbenga 1982, Molls and
Chaudry 1995, Ye and McCorquodale 1997). For a
subcritical flow, the boundary conditions for the present
model are summarized below.

At the upstream: The unit discharge distribution, i.e.,
Hu and Hv, are given for momentum equations. This
follows the boundary condition (Hu)/ = 0 for the depth
correction equation.

At the downstream: For the momentum equations, the
flow is assumed to be developed. That is streamwise
gradients of u and v are set to zero. The water surface
elevation is specified, therefore, H/downstream is zero.

At the banks: The velocity component perpendicular to
the wall is set to zero. The streamwise velocity is
specified by the no-slip condition with the wall function
method (Launder and Spalding, 1974) for laboratory
flow computations and by the free-slip condition for
natural river flow computations. In the no-slip condition,
the streamwise velocity at the first grid point at a
distance y_ from the wall is related to the friction velocity
u* accorc{ing to u/U.=(1/x) In (Ey*), where k is the von
Karmann constant which is 0.42, y* is the non-
dimensional wall distance Uy /v (30 < y*<100) and E is
the roughness parameter which is 9 for hydraulically
smooth walls. I the free-slip condition (Vreugdendhil
and Wijbenga, 1982 ) applied to large water bodies where
boundary friction has little influence on the flow, the
friction is neglected at the boundary allowing flow to
slip freely.

a. . e




For the depth correction equation: (Hv) / =0 at the
walls.

6. Manning’s coefficient and
effective viscosity

Manning’s friction coefficient and the effective viscosity
appearing in the shallow water equations have to be
specified depending on the flow. Vreugdenhil and
Wijbenga (1982), considering a single river reach,
investigated their sensitivity on velocity and depth and
showed that when n or ¢ is increased the water depth
increases and the velocity profile become more even.
Babarutsi et al. (1996) have shown that shallow water
flows are dominantly influenced more by bottom friction
than by mixing. Manning’s roughness coefficient n, with
the absence of other information, may be selected
referring to the values recommended for one-
dimensional flow computations. When applied to depth-
averaged flow computations, n values lower by 1-2% of
those recommended for one-dimensional computations
are found to produce superior results. Nevertheless, n
for the given flow should be finally adjusted in the model
calibration process.

The effective eddy viscosity € is specified using the
relationship, &U*H=f where H is the water depth, U*
is the shear velocity and Bis a nondimensional diffusion
coefficient that depends on the flow. Fischer et al. (1979)
documented a table of diffusion coefficients (f) or a wide
range of flows based on a large number of laboratory
and field experiments.

7. Model Validation

Test I. Flow in prismatic channel

A prismatic channel of length 48 m with a rectangular
cross section of width 1.5 m and slope 1/250 carrying a
discharge of 21 1/s under subcritical flow controlled by
a gate at the outlet is considered. The gradually varied
flow was computed for three different downstream
depths at the gate; H =3 cm, 6 cm and 9 cm.

The complete model consisting of the grid generation
module and the flow computation modules was applied.
A grid of 160x27 was generated with closely spaced grid
lines near the walls. Note that first grid near each-wall
has to satisfy the condition 30 < y* < 100 for the wall
function method to be applicable as the boundary
condition. The roughness coefficient, n = 0.012 and
effective viscosity B = 0.1 (Fisher et al., 1979) which
corresponds to £ = 1 cm?/s were used. The solution
converged to provide a residual mass less-than 0.01%
showing the stable and. efficient performance of the
model. The plot of the computed depth variation along
the channel is shown in Fig.5. The flow approaches a
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uniform depth of 2.86 cm (Fr = 0.9) upstream in each of
the three cases. The one-dimensional uniform flow
equation, viz. Manning's equation, for same roughness
value, unit discharge and the slope gives a uniform
depth of 2.85 cm and thus the agreement is satisfactory.
Aroughness coefficient n which is smaller than 1% from
the value used for one-dimensional computations was
found to give the upstream uniform depth of 2.85 cm as
discussed in the previous section.
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Figure 5. Free surface profiles in Test Casc |

Test II. Channel junction flow with flow recirculation

The model prediction was validated against the
measurements of velocity and depth of a laboratory
channel junction flow (channel confluence) with
rectangular cross section. The main channel is 0.5 m wide
and the tributary channel is 0.3 m wide. The tributary
joins the main channel at an angle of 60 deg. The lengths
of the main channel to the upstream and downstream
of the junction are 7 m and 8 m respectively, the length
of the tributary channel is 4 m as shown in Fig.6. A
steady channel flow corresponding to the conditions
given in Table 1 was maintained by a recirculating pump
with the valve arrangements shown. The depth-
averaged velocity measurements were carried out by a
two component magnetic current meter. More details
of the experiment can be found in Weerakoon et al.
(1990).

Data scquisttion
aystem

A e A A

Figure 6. Channel configuration for Test Cases Il and m



Table 1. Flow conditions of the Test Cases II and IIT

Test . ~ Main channel Branch channel
Case Discharge Depth Initial bed | Discharge | Depth | Initial bed
(I/s) (cm) slope (I/s) (cm) slope
Il 44 50uls,4.6d/s|{ 1/1000 2.5 5.0 1/1000
111 5.5 2.8 u/s, 3.7d/s 1/200 33 2.9 1/200

The model was applied to compute the velocity and
water depth in the junction region using a computational
grid covering channel lengths of 140 cm and 220 cm from
the downstream corner of the confluence to the
upstream and downstream respectively. A part of
computational grid of 60 x 30 is shown in Fig. 7. The
upstream discharge distributions and the downstream
depth were given as boundary conditions for the model.
Manning'’s roughness coefficient, n = 0.011 and (= 0.1.

Figure 7:. Part of computational grid for Test Cases If and III

Comparisons of computed and measured depth-
averaged velocity field and free surface elevation of Test
Case II are depicted in Figs. 8 and 9. The velocities are
plotted exactly at the points where discrete values are
available from the experiments and the comparison
shows good agreement. However, the computation has
underestimated the size of the recirculation zone which
is very much influenced by the diffusivity and also by
the bottom roughness coefficient n by about 20% less
than that of the experiment. The sensitivity of f was
tested by using different values in the range given in
Fisher et al. (1979). The difference between the results
was the decrease in the size of the recirculation zone,
for example, B=0.4 resulted in a 10% reduction in the
size of the recirculation zone. The numerical diffusion
generated when the flow is inclined to grid lines is also
responsible for this discrepancy. Except for an over
prediction of the depth in the recirculation region,
superelevations are well predicted and the free surface
elevation contours closely match with the observation
in general. Overall agreement of the model predictions
in this complex flow is satisfactory.
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Test III. Channel junction flow with an irregular bed
topography

At the next step, the model was validated by its
application to a complex flow condition in a channel
junction with a mobile bed at dynamic equilibrium. The
channel dimensions are the same as in Test [l above, but
the channel bed was covered with sand of 1.6mm mean
diameter. The details of the flow at the dynamic
equilibrium condition are given in Table 1. The bed
topography of the junction shown in Fig. 10 has features
in a natural river confluence (Best, 1988). The depth
averaged velocity field and the depths were measured
by fixing the bed as described in Weerakoon et al. (1990).



Table 2. Specification of Manning coefficient and eddy viscosity

Figure 10.. Bed topography of the channel in Test Case 111

(Contours are in cm)

The model was applied to compute the velocity and
water depth in the junction region using the
computational grid of 60x30 shown in Fig 8. Two
different values for Manning’s roughness coefficient n,
0.013 and 0.016, were imposed upstream and
downstream respectively. The larger value at the
downstream is due to the irregularity of the bed shown
in Fig. 10. Three computations, Test Cases IlI-1 to III-3,
with different B values were performed as detailed in
Table 2. It was well observed that larger B caused an
increase in the depth. The increase of upstream depth

BHULHTTIRH)

Figure 11. Velocity vectors in Test Case III; a) Computed b) Measured

n £
Test case (1 units) cm?s Bp=¢e/UH
Il 0.011 1 - 0.1
1I-1 0.013 u/s, 0.016d/s 3 u/s, 8d/s 0.2 u/5,0.5d/s
1112 0.013 u/s, 0.016d/s 3 0.2
I11-3 0.013 u/s, 0.016d/s 8 0.5 .
d/s = at downstream, u/s = at upstream, r/c= river channel, f/p flood plain
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Figure 12. Free surface elevation contours of Test Case lll

(Contours are in cm)

from III-2 to III-3 was found to be 2%. This type of
experience is reported and discussed also in Vreugdenhil
and Wijbenga (1982). The results of Test Case I1I-1 with
low value of B, B=0.2 (€= 3 cm?/s) for upstream flat
beds and a larger value §, = 0.5 (&=28 cm?/s) for the
downstream (including the confluence region) are used
to compare predictions with observations. The predicted
velocity vectors in Fig. 11 compare well with the
observations except the rather smooth deflection of the
flow at the upstream boundary of the scour hole and
faster lateral redistribution. The predicted free surface
elevation contours in Fig. 12 well exhibit the free surface
superelevation over scour hole and at the right bank
across the downstream corner. The backwater effect in
the upstream flows is also well predicted.

8. Conclusions

A depth-averaged computational model in orthogonal
coordinates suitable for flow computation in shallow
water rivers with complex boundary shapes has been
presented. The grid generation procedure for obtaining
grids at required spacing is based on a quasiconformal
mapping method. The flow computational procedure
is based on a SIMPLE-like procedure using a new depth
correction equation. The model performance including
the sensitivity of the effective eddy viscosity was verified
by the application of the model to gradually varying
flow in a straight channe), in junction flow, with flow
recirculation and with a scour hole. It is also shown that



the depth-averaged model is capable of providing the
flow velocities and water surface elevations satisfactorily
in shallow water conditions for-design purposes when
the Manning roughness and effective viscosity are
properly selected. The model was shown to be stable
and accurate in the applications for depth-averaged flow
computations over irregular bed topography as found
in natural rivers. The Paper also includes sufficient
details of the grid generation and the flow computation
procedures so that an interested engineer can develop,
with less effort, his/her own model for obtaining flow
. patterns of practical problems in river engineering.
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