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AN ACCURATE SINGLE MACHINE TRANSIENT 
STABILITY PROGRAMME 
G. G. Gamage and A. K. David 

Summary 
This report brings to the notice of prospective users in Sri Lanka 

the availability of an accurate computer programme for single machine 
transient stability studies. The alternator is represented by an accu­
rate raithematical model using the Generalised Machine theory while 
prime mover, governor control loop and automatic voltage regu­
lator are represented by differential equations. Provision is available 
for both hydro and steam prime mover representation. The system 
equations arc formulated in state space form as fifteen simultaneous 
differential equations. Due to the non-linearities inherent in the 
problem a stiD-by-step solution technique based on the fourth-
order Runge-Kutta method has been developed. An approximate 
version of the programme that makes numerous simplifications in 
respect of tht michine, transmission network and control system and 
thereby reduces the number of state variables to six has also been 
developed. The computer time is reduced by a factor of over 10 
times but programme accuracy is limited to slightly beyond the 
first swing only. 
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of Principal Symbols 
- Resistance and leakage reactance of the 

stator. 
- Resistance and leakage reactance of the 

field winding. 
- Resistance and leakage reactance of d axis 

damper winding. . 
- Resistance and. leakage reactance of q axis 

damper winding. 
- Resistance and reactance external to the 

machine. 
- d and q axis mutual reactance between the 

stator and rotor. 
- axis components of generator terminal 

voltage. 
- Field voltage. 
- Infinite busbar voltage (r.m.s). 
- d and q axis components of infinite busbar 

voltage 
- Flux linkage 
- Synchronous speed (rad/sec). 
- Instantaneous speed (rad/sec). 
- Rotor angle respect to input busbar volt­

age. 
_d 

" dt 
- Electrical torque. 
- Input torque. 
- Input power. 
- Damping constant. 

machine equations will be found in (i) while a complete 
description of the mathematical model for the case of 
a steam driven turbo-alternator including the effects o f 
control loops will be found in ( 2 ) . There is a relative 
paucity of material in respect of hydro-powered prime 
mover representation but some useful suggestions to­
wards building a mathematical model for this purpose 
will be found in (3 ) . The state space method of for­
mation of multi-variable system dynamic equations is now 
favoured both for its clarity of expression useful for 
conceptual thinking and ease of computational use (4 , 5) . 
The application of the theorem of Liapunov's Second 
Method to synchronous machine stability analysis also 
requires the state space formulation. In the case of linear 
systems with time varying parameters the state space 
approach provides a useful expression of the complete 
solution in integral form. In the case of synchronous 
machine swing equation calculations however due to the 
non-linearities that cannot be eliminated from the state 
space formulation it is necessary to employ a step-by-step 
computation based on the differential equations formu­
lated in the state space mode. Predictor-Corrector methods, 
Runge-Kutta methods or techniques basedonthe repetitive 
computation of the eigen values of the system equation 
canbe employed. 

Although the development of machine and system 
models and computer programmes for obtaining accurate 
single machine swing curves have achieved a high degree 
of sophistication in countries where advanced computer 
facilities are available, as far as the authors are aware no 
computer programmes are available in this country for 
transient stability studies by accurate numerical compu­
tation of machine swing curves. Furthermore, in view of 
the less sophisticated nature of the computer software 
presently installed in this country, programmes developed 
on more advanced computers cannot be run on the avail- -
able machines. Hence it was necessary, as the basis of 
already developed mathematical model and computa­
tional techniques, to build a single machine transient 
stability programme including a representation of prime 
mover, transmission system and control loops, for the 
first time for users in Sri Lanka. The programme has 
been written for and tested on the IBM 11 jo machine of 
the University Computer Centre at Peradeniya. It will 
shordy be made available as a library facility for interested 
users and power engineers in the country. 

1. Introduction 
Mathematical models for the representation and study 

of single machine transient stability have been available 
for some years now. The classical formulation of the 
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A novel feature of the programme is availability of 
alternative sub-routines to represent thermal-powered or 
hydro-powered prime movers. The latter routine models 
the reverse surges that are set up in the penstock subse­
quent to changes in gate position. A large surge tank is 
assumed, that is to say transient effects occurring in the 
surge tank and tunnel are, for the present, ignored. 
Another feature of the programme is the availability of 
an approximate model as an option available on user 
demand. It is accurate up to the first swing and cuts down 
computer time by a factor of over ten times. 

i . The State-Space Method of Formulation 
The performance of a dynamic system when formu­

lated in terms of n-variables of the system which can be 
composed into a n-dimensional vector lends itself to the 
state space method of formulation. The vector may be 
thought to represent a point in n-dimensional space and ' 
the dynamic process to be described by the trajectory of 
the point. 

£.1 Linear Fixed System 
If the n-vector X represents the set of state variables, 

A is a (nxn) matrix of constant coefficients, B is a 
(n x m) matrix of constant coefficients and u is a m-vector 
of forcing functions, the system equation in state space is 
given in the well-known matrix form 

X - A X + Bu where X = X(t) 
The solution of this system equation can be written 
(Ref. 6 ) in an explicit form either in terms of the state 
transtion matrix or in terms of the eigen values and eigen 
vectors of the A matrix. In terms of the state transition' 
matrix the solution of the equations in the absence of 
forcing functions, (u = O) is 

X(t) =» e A t X(O) , where e A t is the transition 
matrix. When the forcing function u is non-zero the 
solution requires the evaluation of a matrix integral and 
takes the form 

t 

X ( t ) ; = . e A t X ( 0 ) + fA(!-Z)' Bu(t).dt 
0 

Both equations are readily amenable to numerical compu­
tation. The solution can also be conveniently written in 
terms of the eigen values (characteristic roots) and eigen 
vectors (characteristic vectors) of the A matrix. If the 
set and the set of vectors qj represent eigen values 
and corresponding eigen vectors the solution of the en­
forced system can be written 

x w - 2 [vx(°>] e \ 
Where rj is the reciprocal basis of ,qj defined by 

[ rj- qk] - O if j ?4 k and 
<= i if j = k 

and (a.b) refers to the scalar product of the vectors a and b. 
The solution of the' forced system can be obtained in 
similar fashion as 

x ( t ) - 2 [ ^ ( O ) ] + . 

j=i ' 

JL J R - M ) ] eJ q.dt 
j=i 0 1 

2.2 Linear System with Time Varying Coefficients 
Where the system equation in state space takes the 

form— f 

X = A(t).X + B(t).u 

we obtain a system of linear differential equations with 
time-varying coefficients. An explicit solution can still 
be written in the form 

t 

X (t) - <j> (t,o) . X (o) + J <p (t, t) .B (r.) .u (t) .dt 

0 

However the state transition matrix is now more difficult 
to obtain. If the A matrix possesses the commutativiry 
condition of matrix multiplication 

t 

/ A ( A ) . d A 
t 

« S ( t , i ) - e 

however as this is rarely the case it is necessary to obtain 
the transition matrix from the more complex series inte­
gration indicated below. 

t 

<P (t, 0 - i +f A (t) .dt + 
I 

t c 

fA(tx) rj1 A ( t 2 ) . d t 2 ] dt, + 
t t 

If the time step t is small the higher integrals become 
negligibly small and the method can be used for numerical 
integration. 

2.3 Synchronous Machine and System Equations 
In the formulation of the machine and system equa­

tions below the following choice of state variables has 
been made. 

(a) Synchronous Machine 
Lj I B d-axis current 

iq es q - axis current 

Tttc = field winding flux linkage v 

ip^d sa d-axis damper winding flux linkage 

sjijjq «=• q-axis damper winding flux linkage 

(b) Voltage control circuit 
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\ 
E, 'ms, 

J xs 

final magnetic amplifier input voltage 

exciter control input voltage 

voltage applied to synchronous machine 
field winding by exciter 
magnetic amplifier stabiliser feedback 
voltage 
exciter-stabiliser feedback voltage 

(c) Prime Mover and governor control 

Y , = Pilot valve-control input signal 

L i n 

Steam or water inlet valve position 
Machine shaft power input 

(d) Mechanical motion 

8 e= machine power angle in electrical degrees 

.6 ' - * 

dt 
The transmission system is represented by voltages Vbd 
V b q which are the infinite busbar voltages referred to 
instantaneous machine axis. 

As the equation formulation in Appendix A will show 
the appearance of explicit control inputs (forcing func­
tions) have been suppressed. If the programme was 
intended for optimisation studies, it would have been 
necessary to make explicit provision for control inputs. 
An examination of the equation formulation will also 
show that at best the equations can be obtained in the 
form-

X - A X + F ( X ) 

where certain residual non-linearities inherent to the 
system which cannot be removed are carried in the 
Matrix F ( X ) . For small disturbance analysis and for 
certain other purposes the equations can be linearised 
and the techniques indicated in the above sections can 
be usefully employed. However this is. not suitable for 
the analysis of large disturbances and swing curve com­
putation. Hence step by step Runge. Kutta or other 
numerical techniques have to be used for computing the 
trajectory of the X vector in state space. 

3. Accurate Model 
3.1.1 Mathematical Model of Machine 
According to the two-axis theory, the general equa­

tions which describe the voltages, flux linkages and 
electrical torque for an alternator in per-unit form are, 
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x x 
Therefore transfer function for water turbine 

fd 1 + p T > . ( 1 7 ) 
in 

C T'p . 
1 + T P s 

W I 

i + — P 
z 

Y G , .(20) 

..(18) j For steam turbines 

B - -
G T - p 
- X 3 X S 

1 + T p 
x s 

'fd ..(19) 

3.x Prime Mover and Governor 

Block diagram of hydro prime mover and governor 
is shown in Fig. 2. 

The reverse surges which accompany a change in 
gate position in water turbines were approximated- by a 
first order transfer function with the assumptions: 

1. The pipe and water are incompressible. 
2. The velocity o f water varies direcdy with the 

gate opening. 
3. The turbine output is proportional to the pro­

duct o f head and volume of flow. 
4 . The head losses in the conduit and gate may be 

neglected. 

Where T, 

p. a , L _ Y G 
^ * i + T D " 3 

s r 

penstock delay 
entrained steam delay.' 

.(20 s) 

w 

The transfer functions of speed sensor and relay valves 
Y o - G , ' pb 

G r Y i 

. G n Y 

. . . 8 (21 ; 

(") 

x + T 2 P 

(*3) 

Where k 
k„ 

Relay bias 
Governor setting 

3 .Z .4 Transmission Line 
The axis components of machine terminal voltages and 

currents are related to the axis components of the infinite 
bus voltages as follows: 

V o l t a g e t r a n ­
s f o r m e r and 
r e c t i f i e r 

Terminal 
v e l t a g e 
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a t e r 

C v d 

r e f . 

R e f e r e n c e 
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BS 
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Fig. 1 
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'bd 

'bq 

sin S 

- cos S 

X 

+ p e y w 

- x ID 
Oj 

f \ 

'bd 

bd (*J). 

With these simplifica­
tions of the system number 
of state variables reduced to 
six as shown in Appendix B 
and the time step could be 
increased to about 25 to jo 
ms, because the time cons-, 
tants of the system were 
large compared to step size. 
Hence computer time was 
reduced by a factor of about 
1 0 - 2 0 . 

In deriving this relation the shunt admittance, magnet­
ising currents in the transformers and charging currents 
in the transmission lines are neglected. 

3.2 Description of the Computer Programme 
Equations 1 to 25 were written as a set of 15 first 

order differential equations.^ shown in Appendix A and 
were solved by step-by-step integration using fourth 
order Runge-Kutta method of integration. A Runge-
Kutta method has been chosen because of its high accu­
racy and ability to integrate through discontinuities (self-
starting property). However the method is prodigal in 
the use of computer time because of the need to compute 
four values of effective slope at each integration step. 

5. Results 
For test calculations of the programme, a machine of. 

3 7.5 MVA with a steam prime mover was selected. 
TABLE 1 
Parameters of the System 
(1) Synchronous Generator 

Machineratings : 37.5 MVA, 30 MW, 0.8 p.f., 11.8 kV, 
3000 r.p.m. 

*fd 
rkd 
x k d 
x m d 

The time step must be small compared with the a.c., H 
cycle period, since the terms p^j and pipq result in changes. 
of the axis quantities at about supply frequency. The time 
step selected for test calculations of the programme was 
2.5 ms. Each step of integration consumes about 1 second 
of computer time on an IBM 1130 Machine. Therefore to 
obtain a numerical computation up to about the second 
swing of the rotor, the computer time was about 2 0 
minutes. Clearly the programming of an IBM 1130 type 
small computer for swing equation computation is of 
interest in the off-line mode. only. 

= 0.002 p.U. m 0.14 p .U. 
<= 0.06097 p.u. Xfd a 0.14 p.u. 
a 0.125 p.u. CS 0 .0 I2J p.U 

a 0.04 p .U. x k q 
' a 0.04 p .U. 

e 1.86 p.u. X m q • 1.58 p.u. 

• 5 - 3 S 

E, 'mz. 

E x c i t e r 
B O.OOO79 

b 0.044 tec 

a 0.0 (min) 

mz 
(max) 

4 . Approximate Method 
Even though the use of. the accurate method gives 

results closer to the practical ones, it consumes a large 
amount of computer time. Therefore to reduce com­
puting time the following-approximations were made. 

(1) The rate of change of flux linkage in the stator 
voltage expressions were negligible. 

„ (2) Transients in transmission lines were negligible. 
(3 ) No damper windings. 
( 4 ) In equations ( i , ) (2 ) , (24) and (25) and value of 

v = *v0. 

The simplifications made in the control systems: 

(1) Negligible time delay in magnetic amplifiers. 
Hence AVR can be represented by a transfer 
function of order 2 . 

(2) The governor loop simplified to order 1. 

24 

*ms 

a 12.2 . 
n —O.OOI86 
a 0.000854 p.u. 
a 0.2 sec 
• 0.1 sec 
m 2.0 SeC 

(3) 
G. 

" 3 

(4) 

"mi 
Kmj 
E m j ( m a x ) 
T 
' m i 
^ ( m i n ) 
G * , 

G m s 

Governor and Prime mover 
B 0.0149 Gx 

• » • » T r . 
m 0.188 sec K 

- 51.1 
a O.OOOll 

• 0.000298 p.u. 

• 0.1 sec 
a —0.000854 p.u. 
a 3.06 

m O.OI39 
a 0.00525 

1.0 

• 0.1 tec 

a —0.267 

• 0.49 sec a 1.43 1 , 

Transformer and Transmission Line 
0.20 p.u. before fauk x c -

X e - 0.34 p.u. 
r e a . 0.0194 p.u. 
t e • 0.025 p.u. 

TABLE 2 
Initial Conditions 

Input bus voltage 
Generator output , 
Power Factor 

after fault cleared 
before fault 
after fault cleared 

B 1.0 p.u. 
a 0.8 p.u. 
m 0.8 lagging 
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Fig- 4 

Fig. 4 shows the swing curves computed for a three 
phase short circuit lasting for 200ms. at the infinite bus. 
Curve A is that obtained using the accurate method neg­
lecting mechanical damping (kd = o), since it is negli­
gibly small compared to other damping present in the 
system. Curve B and curve C have been obtained from 
the approximate method for the same fault with kd = o 
and o.j respectively. The significant difference between 
the curves A and B can be attributed to the electro-
dynamic damping which was neglected in the latter case. 
Representing this damping effect by an arbitrarily assumed 
mechanical damping constant of 0.5 in the approximate 
method (curve C) itwas foundthat the accurate (curve) A 
could be approximated at least during the first swing 
for this type of fault. 

The swing curves computed for a three phase short 
circuit of duration 200 ms. directly at the machine termi­
nals are shown in fig. 5 from both accurate (curve A) and 
approximate (curve B) methods. In using approximate 
methods a damping factor of 0.5 was introduced to take 
into account the effect of damper windings. This damping 
factor whicji was sufficient to represent the electro-
dynamic damping in the previous case is found to be 
insufficient here, mainly because of the severity of this 
fault. A significant feature of curve A is the back swing 
which lasts for'about 150 ms. immediately after fault. 
This back swing was not prominent in previous case, 
as that the fault is less severe. As a consequence of neg­
lecting the pifid and paiiq terms in'analysis using the approxi­
mate method this back swing is not observed in curve B. 

From fig. 6 it is seen that the machine is just unstable 
for a 3 phase short circuit lasting for 3 50 ms. at the infinite 
bus. 

The electrical torque curves for the same fault of 
swing curves fig. 4 are shown in fig. 7. Very large elec­
trical torque swings at power frequency are observed in 
the accurate analysis (curve A) and are features of the 
accurate method only. Since the variations in flux linkages 
are not fully represented in the approximate method of 
analysis only an averaged out form of these large torque 
swings appears in the output (curve B). This is a serious-
and well known drawback in approximate methods of 
analysis of this type. 

Fig- 5 Fig. 6 
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Fig. 7 

6. Conclusions 
A working computer programme has been built for 

the accurate or approximate study of single machine 
stability by obtaining the swing curves subject to various 
types of faults. The programme has been tested for 
various types of faults and output results reported. 

Further work is now in progress to analyse multi-
machine stability problems in small power systems in 
view of the relevence of this problem to Sri Lanka. 
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Appendix A 
The equations 6 to 10 were solved to obtain, 

• X n 

t - V - ( Y - - v ) . 

) 
fd 

fd f d ^ / W 

1 
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Vbaro, 

a, s - ( r + r + 
1 a © g 3 oWdo 
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a 5 « ( I f l 
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+ g 1 V 
B f d *kd T d$ 

- g 1 
x. x T" 
Tsd fd do 

4 1" r x x i" q *dc*kd . s 5 ad f d . do! 

• a ^ s - > 6 2 7 

fd • 

x -J- x", e d 

. . . . - /x 4- x" 
b̂  a e d 

x + x" 
e q. 

mq 

mq x + 

b = - v ( r . ' + r 

* o Kq, _ qo , 

tfherea 
- X 

These values of a^q, I/I<1. ifd, ikd and ikq were substi­
tuted in equations 1 tb-$, 24 and 2 5, and obtained the first 
five equations of the state space formulation. The equa­
tions 13 to 23 were rewritten to obtain the rest of the 
equations of the above formulation. 
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Appendix B 

With the assumptions madefthe.'ftumber of state vari­
ables reduced to. six and the state variables selected are 
4>,.v, E * * , P**, i and p*. 
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eD/5,5 ^tplaeaa geifltiQurrjfiluSlm unrn^ib 
^luurr®uppltu ^tua/asgi ep(§ QffibeaLDturresr rtjlatp 
ff§)& fglLLL-ib Siestt—iiaaiTn.isLiu epr§ eurTtuuLSSssr 
^)«\)(HS5)«nSI S ^ / O T O T urreuSssriurrerrrTrr^ib eurr tuuuerr 
crreurraetflesr aeuesr^giat^a QarTem®eo(j^Sip§l. 
(ip&eSlujaSl ^eifl, ^i—ameo, &i—ib, grredlujiiia) 
rSIQP&gi epQaarraa) ^Sltuetsr etiestauSC®ff ffmesr 
urrQaemreo (gjpla&uuQib s\Gg> Geti&truSeo <Qt— 
eorraSl Qurr^eurraauuLLi— QUIT pis Qarreireaa 
eaoju . urreSsSI^ Qff ibesiLDturresr aessfl^LDrT^lif) 
iu(njeSI(ss)eo <Qplaauu®S\p§j. fiireuetfl, r/jlrrrrefil 
(tpgjeSltua&laiea {jftrrsssruLetsrajlui @plt3iLts.p^ euetfl 
euenaaetr a. err err ear. Qgrr(9j8j}& ffiDGsfurr®s.etT t§8so 
Qeuenl euuLeuiaaetfla) uSjlSnsrpaji epr^miaeavo enema 
uJCQff eLDGsrurrQaerrrra Q@rr(g.&auuiL®erretT6Br-
(J)jS,gu iSrr&ffSsBruSeo s-etrerr • ejauiSIn uHTemuSlebr 
esuDiurreo rnjtsiGa - (ajiLi—rrefilesr r&neonu) 
euetfl (LpesipuSlesr ^juLuueaL-tiSeorresr f£tieu gitLuib 
B.(SeurraauuLL(Siehetrgi. QUIT pi, Qtrgyggieo euSso 
GeuSso, ^>ji_aaeo Q^'rr^^ ^Sliueuperrrr 
urresr. eremessfpp a-rr^aaisiaSsrr QcTium^rreo rfJlBso 
LorrplctSstr ^pnaa @eapeam«i.Lsr.tu jStatptT&lg 
$L-t—{j)G)ie5r ^essremerrearresr g>(5 euLq.euQpib ti.(§ 

eurraAuuLLQieireirgi. Qprrestaa aes^Gtssrib u&gi 
u>t_/E/@>« GmpuL-t— arrrretssrlturTGO (ajeapaauuiL 
Qareir Gurr$eyuj $at£&@l/£ jglili—ff Qeibesiia 
Qpgeortib c9/2sua/<s@<£ spGp ^uurreorra inrr^^irrib 
^jqjaaiStTh.uLiu^tTa mi^QuuLLQerretrgi. 

s_6Tn5iTL.@Li * Q u r r ( j 5 i l a & ^ i T a Qa&r r im® 
(gsin rn rijai. S c o r e r o n U)U|$inL.ui QaFiEisn) 
a?su(Ta&srflsiinr ^smic/JLj sui^suib ^ismiD 
u ^ r g s r r m ,9j ta r uuani_d) djtfn&iJL|ftsiT 

Qaiburrrrrfrii apafortuib, 9. ereh). 39ebr u i f 
3 lit g>[T3)GS)g)ff Gffrrfcs, Q&rsiapaSsttiuib, 3 tb 

pGfreytb @65)fl3^a5 ^ ) S W I - 6 S ) U ) H / S S ) L _ U J Qerstap 
aSsTTU-ith: •" Qaibu^rrrreir U > O T ' arr^giaaeoesteu, 
1:10 erewp efil@l&$$eo ffQiD/Bengjiuib memSso 
nfib Qarremt— errnjSjiaaeoGsteu Gurrebrp Qeueii 
Gen pi euestaiurrasr sir ^giaaeoeaeuaBstra Q arrant® 
aiLi—LiuQib Qemap aeurfaerr 8. t3. Ill sir 
eBnletfa@Cui^jrT.0. eresfle^itb, GmpsKpuutLi— 
Qff!siapaenlesr§itb, err/sgia aeoemeuaetflesrajith 
Garfaestau3esr(ifieoib aLLt—uu®Lb Qffrsiap aeaif 
a eh ^jeorsiemauSleo uiTe£laauuu.eorrtb — COT&T 

emuu$GO ^jesteu ej paesrGeu urreuSssruSeo B-enerresr. 
QfteueueaaiutTGsr a-eii&aeifleisr ^GtstLDeSlujeouaSsrr 
^Ijfiteuajiib, QieiieuestBcT a-eu&aenleisr Guur.eu&f$l8asr 
$±.(jT)GUiTa<g,Gii§lGui <$Ltuefileisr GrsrraauirT^ib. 

o f ) ^ ^ ^tuiurresrgi eaisLetieaioa^ui afiesipeatu 
e-(njeMTa(§euG$iT® LSlesreurnjib eSlSsrreifaSsntuib 
er®^§iaarril.®a)ekp§i: 
(^l) Qeibj^rrnehr apa<sn>a(§Lb 3 lb grrpfgiguib 

(gfeapj5<s ^\emes>Loiueni^uj Q&riiapatgpa 
@tb 1:10 eresrp e£IGH&pf$)eo ffQia^eafituiJo, 
LDGSsrSsotutb Qarrm:L- ffrTJBgaaeoetoeu a.a 
isppeoeo. 

(^S>) Qffibmrrreir uamr ffrrj5g]aaeoes>Gu 3 ur &rr 
euena& Q&nha patent—m urreSuufifflfS 
B-ar&g$eOGO. 

Engfrner, September 1977 29^ 


