DYNAMICS OF DISTENSIBLE WAVEGUIDES

A. P. Jayasingbe .

NOMENCLATURE .

C,.,C(s).C'= phase speed
D= 24 = diameter of waveguide
E,Kk = Young's modulus, bulk modulus
ft) = forcing function
G = influence function
h = well thickness

-,

* J,1 = Bessel functions
MoM(3),M'= Mgch nucber
P - pressure
R - Reynolds number
2,0 = cylindrical coordinates
‘S = Laplace veriable
t = time
- U = feference velocity
Ur, U2 = velocity components
V = average vélocity i
Pe)- impedence function
-5()‘-: Dirsc aelts functioen
€, = deflections of wall
1,$ = dumay veriables
V = ginematic viscosity
ﬁ,? = dens:.ty of wall and fluid.
G~ = poissons ratie
4’ ‘= glasticity nunber .
WWn= frequency of excitation,
nqtural frequeney
Introduction

The frequency response of distensible waveguides can
be considered to be completely solved in relation to
several problems in biomedical engineering. 1 In contrast,
however, the response of distensible viscous fluid lines to
isolated disturbances has received little attention although
its relevance to biomechanics and fluidic systems is signi-
* ficant. The main reason for this lapse can be attributed to

the inhetent complexities of the governing equations and- . -

the absence of a suitable analytical technique for their
simultaneous synthesis.

Viscous decay of fluid transients was first treated analy-
tically by Wood,? in 1937, with the solution of the one-
dimensional tclegraphet s equation using integral trans-
formations. In this, he used a constant dissipative co-
¢fficient based on Poiseuille flow to account for fluid
friction, thereby implying that flow is fully developed
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in transient situations, This assumption, however, was in
.contradiction to the experimental demonstration of
Richardson and Tyler.? In order to overcome this short-
coming of the one-dimensional model, Iberall* in,1950,
proposed an improved model based on Kirchoff’s equa-
tions of sound.5 The method effectively accounted for
non-uniform effects of flow establishment, although with-
out actually predicting them, and thus dxspensed with the
‘concept of a: constant, frequency-independent friction
coefficient. Albeit Iberall’s work formed the basis for
much of the work that followed on the transient sesponse
of fluid lines 6,7,8 analyses ‘were confined to elastic but
non-dynamic waveguides. In situations such as blood-
flow, however, the distensible nature of the arteries made
it mandatory to consider its dynamics and the frequency
response of a model of the vascular system was solved by
Womersley, in 1957. ‘Thus, while Iberall’s work led to
the transient response of non-distensible waveguides,
Womersley provided the frequency response for a dis-
tensible waveguide.

The following analysis, which fills the gap between
the solutions of Iberall’s model and Womersley’s solution,
is based on a hybrid between their mathematical models.
It yields closed-form solutions for the transient response
of distensible, viscous fluid lines which gave good cot-
relation with experimental results. :

The particular problem studied is that of signal trans-
rmssxon in a distensible, semi-infinite wavegmde of cit-
cular cross=section for the physical situation depicted in
Fig. 1, viz., a piston conveys an arbitrary velocity impulse
to a compressible, non-heat-conducting Newtonian fluid
and it is desired to obtain the resulting velocity and pres-
sure responses in the fluid for all time and space.
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2.0 Mathemaucal Set . ... ' R e -:‘ - —_-c‘ -
.. N - - » . . \.
" 'The Tberall model for transient fluid flow can- be. ob- C l . - J\\ .

tained by suitably modifying’ the Oseen equatlons9 The . = < :

necessary snmphﬁcanons are based on the assumpnons 910 ~ o _

.that— g : M P . K ; ‘__._._-:ni_ :"—-‘_-- - .
(a) the fluid is initially at rest, . - :' g} SN : : : 7 R
(b) the flow is axl-symmetncal . : v T = ; 3
(c) ‘the pressure is constant across the cross-Section, o HINE/ ‘
(1) wave dispersion due to volumetric dllatanon is 277 7 W 7 e T -

. negligible, and ) - : = .

() the fluid is 'barotroplc, ie. p ﬁ (p) and hence, . ":é: -
jp__!{‘cz 1".' ' . .. ' . Flg: R \
PEP, T ? S seepaseerere _ "“ﬁ‘) density of wavegulde materidl, and h = wall thxckness

. Equation (6) is based on the assumptions that
. where, k= bulk- modulus, of:- elast1c1ty, p= pres- . :

sure, p ~= density, and subscnpt o denotes reference - a"

condmons , .

__ g5 g <_*"ts,%«t )
Deﬁnmg g = veloclty in z-dlrecuon u -—velocn:y in’ . :
r-d.lrecnon D = diameter; and U = a suitable charac- where, 6 = Pmsson s ratio and e = ax1a1 dlsplacement
teristic velocity, with respect to Fig. 1, the following non- ~ (cf. Fig. 1). .
dimsnsional variables will be used -with advantage: : -
. - - To complete the set; it remains to state. the boundary
_and mmal condmons These are:

’ B . 1e

' U (1) The particle veloc1ty at the wallin the axxal direc- -
T e t . .p%. .p° - . tion is zero, ie., _
. p# 2 f_. . 3 t*-= 5—- > P a8 e . . .
< I o’ -. , Lol
pu / _F' ) Uz (z},t) = O Z > O L e veeeeen(8)
. o e (z_) _ (u) The average veloc1ty of fluld partlcles .
Utilizing the assumption of Eq. (1):and. the variables . _ _ ' .
of (z), and omitting the superscript asterisk, the Iberall ' - s
model can now be written in the form9 ) .
. ..a. , 'VC%,t) - 8 Iu‘(a f',t)fd\" .............. -(9)
. OUp 4 T ] ' - '
ot [’T%‘ ( %‘ ) — '
. . © " atz=0O w1ll bean arbmary functlon of nme, ie:,
%E oo ---(4) i :
_ v e V{0, t) = f(t) T e (xo)
. '. . (iif) The initial velocity and pxessure flelds are statlon-
__12 v [au, + 4 (ru,-)l so o B0
——— . y, Vlz N
"ot Y- + 5% (5 :

/

where, R = UD!y == characterxstxc Reynolds number i bu S
v — kinematic viscosity, and ‘Mo. = Ulco = Mach num- u!(z.. ﬂ»°) s g-‘ (i,r', °) 20 ... a1y
. ber. Further to the set formed by (3), (4) and ((ﬁ _ _

extension to,the Iberall model to allow for wall disten-

- sibility requirés.the introduction of a dynamic equation o ead o
amiC equa < ' o)
for the wall. A suitable expression written in non-dxmen- - P (z, ) (12)
' - sional form is9 ' '
S ' : o (1v) The radial fluid velocity at the wall is equal to
. M + '&,.'Vl“,_., (2 )( P. ) P'Cf “) © the radial wall velocxty, ie, .
r D A
where, cf. F1g L, = tadlal dlsplacement of wavegmde B , Ur( ,.k) ® ;ﬂ .............. ..(13)
wall wp — radlal natural ftequency of waveguxde, P: = - ~ -
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(v) The waveguide wall is initially at rest, i.e.,

(t=0) = DN (t:06) = O
e« 2

Equations (3) theough (6), (8) and (10) through (14) com-
prise th= complete mathematical set to be integrated.

3.6 The Associated Problem'

The integration of the mathematical set can be accom-
plished by first solving the associated Green’s function
problem in which the: inhomogeneous boundary condi-
tion (10) is replaced with a Dirac delta-function atte= §!2,
ie., :

Gu(oi5) = 8(—)

where, Gu = influence function for ‘the axial velocity.
The influence functions for the radial velocity and pres-
sure are defined as Gy and Gp, respectively.

~ "Using the technique developed by Iberall4,9,a solution
of (3) in the Laplace dumain can be obtained in the form

Gu(zessy)+ AGas) LUAR ) - 4 Dhncesit)

where, A = constant of integration, I = modified Bessel
function of the first kind and order zero, s = Laplace
vatiable, and overbar denotes a transformed dependent
variable. ‘By applying the no-slip condition at the wall
Eq. (8), (16) reduces to ' .

) ZTu (‘a'.'asﬁ)" A(‘Pbi){xm r) -1.(/sR ’l:)]
where the pressure gradient is found to be

136y . A(eaS)lGBRY)
8 22 ¢ )

The radial dependency of (17) can now be eliminated by

averaging Gu® according to (9) yielding
Gu(2,5:%) »-A(es 9] 06R w

\:vhere, Gy = associated influence function for tilc'avctagg
axial velocity, V, and I, == modified Bessel function of the

first kind and order two.

The second stage of the integration constitutes:the

manipulation of the contihuity equation which provides
. 2 mzchanism for introducing wall inertia. Eq. (5) in
texms of the respective influence functions when Laplace
transformed subject to the initial conditions of (11) and
(12), and averaged across the cross-section results in
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SC—)pM:' + g_g_v + 4 Gv(l's‘h.) = O +(20)

Unlike in the Iberall solution4, the radial velocity at
the wall (thizd term of Eq. (20) ) is non-zero by virtue of
wall distensibility and is related to the wall velocity
through Eqgs. (6) and (13). Subject to (13) and (r4),
Eq. (6) has the Laplace domain solution®

_sb )

Beteeby - () B)( 530

Hence, recognizing the fact thai Ur = Gy and p =Gy,
(20) and (21) combine to give

SGr M + %:v.‘ o .(1)

wbgn, -
. . . . [ R
Mas = M+ a(RX ) s ot
. . " e (23)

defines a Mach number based on the frequency dependent
phase speed, ¢ (s), cf. Appendix B. Equation (23) along:

- with Eqs. (17) and (19) subject to initial condition (10)

gives the required solution to the associated problem in
the Laplace domain, viz.

~ sy

> 1 L(faR %) e e sM. ey
3 M. MwIa(san) coeen(24)
Where '

' e .&Q"—‘ '/1)
f'Cs) MN‘T:-)_[ Ia.-_(\fs—ll )

is the ijnpcdchcc function of the system (cf. Appendix B).

4.0 Time Dﬁmain;Solutipno

In problems of this nature, solutions in the complex
plane are usually possible but exact inversions of these in
terms of real-time often pose insurmountable difficulties.
Therefore, mote often than not, approximate inversions
have to be resorted to. '

In the case of Eq. (24), the appropriate mode of inver-
sion is not obvious dnd, in order to obtain an insight to
the problem, the.inviscid problem will be fitst con-
sidered. Thus, for R—> « ; Eq. (24) reduces to

- ' e LYY R 26
, Gr = M.f.'me € : ¢9
wheve, . '
'?cs) = Mﬁ) L ] EC-’G) ...... (17)
1
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Although an exact inversion of (26) exlsts9 its complex-
" ity does not perrmt any useful inferences and therefore,
approximate inversions for small time and large time, i.e.,

large s and small s, rcspectlvely, will be made. Por small
time, .Ay(s) —> i,, whence, the mvcrslon yields- the trmal
]oukowsky solution9

.

Joukovu.v loluuon

G
for 1::-5. tiu. f‘,g)o (lfé)’l

ty nuaber nn

G' -M'

a L 8(t- M.z-?), M--—~
vy where 4‘(‘-1310"“ p I

S(t Mt"’)a M. Y o=

, smm-zy
- oluttcl

* where, M =M (“+ ¢ b the Mach number bascd onthe
Korteweg phase speed ¢’ (cf. Appendix B). “This again is
the Joukowsky solution for wave propagation in elastic
“but non-distensible waveguides. Thercforc wall inertia
clearly plays'a role at intermediate time.
several trial approximations it became evident that it was

" essentially the presence 6f r (s) in the denominator of
(26) which accounts for wall inertial-effects. Accordingly,
expression (26) is slmphﬁed somewhat . arbitrarily by -
making small-time approximations of only the-second

exponential argument and thé numerator-of the co-
efficient factor while leavirig the denominator unchanged.

" On this basis, (z6) ttansforms into :

‘: .- - l... L 8

& &L emlsbt _e"."e"_""\l N
& W [s 0+§>(o3 T

1

_' For 1llustrat1ve putposes, for & Heaviside stcp-mput
Eq. (30) has the ume-domam solutxon _

\ .

o+ g (St g

thte Jo= = Beisel function of the first kind and order
zero and” isa dummy variable of integration. As would
- be expected from 4dn underdamped system the solution
(31) is.oscillatory (curve 2.0f Fig.k).. Moreover the oscilla-
tions take place about the classical Joukowsky solution
for an inviscid non-inertial systém’ (curve'1). It is of
interest to note, that the pressure-maximum pcnodlcally

exceeds the generally accepted maximum given by’ t13c ]

’ ]oukowsky pressure. -

The above proecduro offers 8 besis for the approxiute inversion
of (24). The Bunlofunetiona infy «*/f are expmdod ssyuptot~ .
'.inny for large s ', . .

- Lim ucﬁ«)-[w & (&) (A
. expt.nded e In (30) & tractable fors of (24) can now

'lﬂl
‘be obuined, vu - <98 e—sn: -HI(’&) =&

Gunsity = i 2S00 €

which hs inversion?
. C?m:t::.) i (e:«t)o» e g f :{‘lmd*a.&-‘l)]

. Eefc{of" (w.‘_ Y1

where, J s Bessel runcuon of the first-kind and order one

and
MG = complementry error tunct.ion )

Using the: convolutica™™ .

pcm j a(n.t.%)fw dy

¥

3"

By means of -

. ...._.‘;....-..(;6)

the mtegral rcpres"ntatlon of the. pressure response of a '
distensible viscous fluid line due to an arbitfary veloctty
1nput as ?scnbcd by (IO) is obtamed as.

j ]3.[0»&«».&53

‘.. ". , kR R

-c Ech. I« ’1‘) (.TL-;)"‘] Aq { (t -';)an

P(e.t) . L_Qz_: e

In tON wh1ch is the required time-domain solution,
*£() refers to the derivativie of f() with gespect to its argu-
"ment, Fot comparison ptrposes, the equivalent solution

~ for the elastic but non-distensible casc, i.e. the standard
- Iberall model solution, is given by? - _ -

.

we Wiwdy

N o

.. " e .
pesy. %#‘IBE[O%)(' 7
o o Mz

' - B e . ...'.'-._.'.I ........ (37)
. To geveal the characteristics of these solutions, "their
rcsponses are included in Fig. 2 where, as would be
expected, it is seen that the extended Iberall model solu-
tion (cutve 4) for a Heaviside stép-input oscillates with
decreasing amplitude about the corrcspondmg Iberall
modcl solution (cutvc 3) S

-

. Ql-- W, u 08 — TOCMOWRMY @n.f " .-

) ’
® Re=oo, W mis0Ne - T @ aend s cesoun . ¢« 1780

z/><w\/o —

. g.o Discussion ,
+(32) - The normalized results of a limited expenmental investi
gation of the decay of the maximum value of an arbitrar
pulse pfopagating in a disténsible waveguide? are plottec
-++(33) in Fig. 3. Also included are the predictions based o1
Eqs. (36) and (37) for a parabolic disturbance ‘With th
-elastic values of the tube the same. ‘Althcugh the pomt
(34) are in sitisfactory agreement, it was found that the tw
curves coincided dug to the fact that the duration of th
- ‘pulse was comparatively larger thin the natural frequenc
«(35) of the waveguide (1/wn). To be sure, for cases wher
* 1)wn is larger than the pulse duration, opposue would b
the results.
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The Parallel FLow Model

APPENDIX A T

Al analyses on wave propagatioh have neglected one

‘aspect, viz. the non-uniform effects of boundary layer

throughout its analysis. Towards this end, using the same

development behind the wave front. In ordet to, obtain
a mathematical description of this phenomena it is neces-
sary to fetain the three-dimensional nature of the model,

non-dimensional variables of (2), the Navier-Equations
can be scrxes-expanded in terms of the small parameter

. M/R This rcsults in 14.16 18 |

1 + gs - _[_%(f %%‘)] (38)

g‘l}".°.' S s (39) .

% *!:\—"" %‘%‘ i ........ +(49)

Using Laplace transforms and separation of variables,
(38). (39) and (40) can be-integrated sub;ect to the bound-
ary and initial conditions descnbed in the paper to yield

. .thc elgcnvaluc solutionts *

1 Ty

1.- 2 “o.n- 2 '
SRR BT R
ﬂnl J"ﬂj( ..l\) v :

[z_]_._,,a Mz J %" 1.[74...‘[—"';' n-.-]f(t-!)elh

"1 . [&™ M""J
. - " ' lh
oy, Ty e n!l! {“ M‘)] .
‘o . \ '- s, . . .......-'-.-.:.:"-(4i)
@be 2 S Ttk [ g “»‘/s' =
P . "Z.‘Jo,\l(-‘m) .[ ]

1

gl
' wennnn(42) .

wherc, joun is the nth gero of the zero-order Bessel funcnon

A -

~

shortcommg of this model llcs in the not so obvious

. 05 - vl .
‘ -
' B
"D"] 0._3[ . -
0.0 -
oo z .

- . violation of continuity whcre the radial velocity gradients -
of, Eq. (5) get eliminated in denvmg (40).
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APPENDIX B

Frequency Depehdént Phase Speed
The impedance function r(s) contains all the dynamic -

s>« Mes>. ﬂ(s) [~][

i+ S

~

-d___ Ic
(“’- *(%X'*)od) l TiGrn

.

. properties which_governs the response of the system.9
- Hence, in the rea:tangemcnt of Eq. (25), i€, .

o( u.)"“ -
Li(hrn).

F'v.]:

ras) reptescnts frcquency effects .on the phase speed-
while rg(s) describes. frequency dependent viscous dis-
persion and decay. - Rewriting ry(s) in the form

;L' a cm '+ g[wu ‘/l
flw e, ~ [ 1 o-S‘/w"(D/ru“IaX'G")
it bsc‘)tnes obvious that when g~ oo fOr non- dlstensl- ‘
ble, tubes, : '
LA I GEX,%X‘"")J |

Y

........ eeeenna(4d)

whlch is the Korteweg' cquatlon for phase speed- for
elastic but not non-distensible tubes. ~ For distensible
waveguides, hoWwever, it is seen ‘that &equency effects
cannot be ignored and this aspect has had prevxous atten- -
tion in references 1 and zo. -

The. transient behaviour in the Laplacc domain can be

converted to the frequency-domam by the 51mple trans-
foxmatlon

of the first kind, and Jo,n is the assocmted ath elgen- .

function.

Although as far as'pulée decay is concetned the .pre-
dictions of (42) were found to be unsatisfactory (cf.’
Fig: 3). Eq. (40) gave 2 lucid qualitative description of

" .transient flow establishment as seen from Fig. (4). The

3‘6 .4"' o

where

is .

Cewdx C-[ho:

Id

"s.;.,.,

H'“'. from (“)

-

} — wlh}n

N

(e X(-< ‘? -M/@,}]
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It follows from this that all frequencies which make
c(w) complex will get suppressed since there are no real
‘phase speeds cortesponding to them and, hence, a dis-
tensible waveguide will function as a rejection acoustic
~ filter. The frequency-depsndent behaviour of the phase
. speed is graphically portrayed in Fig. (5) and this pheno-
mznon can be directly transposed to the transient time-

domain if one remembers that steep velocity gradients in .

the forcing function correspond to high frequency Fourier
components. Therefore, for smoothly varying distur-

bances where, w <€ < Wy the inertia effects of the wave-

guide will be negligible.
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200~ =T\ " 7 :
10 /on@ %000 \
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