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Synopsis 

This article describes the development of a flexible 
•computer program based on the application of the 
theory of Symmetrical Components to the general un­
balanced two-phase induction machine. This program 
can be used to predict the performance and also for 
selecting the best combination of design parameters for 
a wide variety of induction motor types. The computer 
predictions are checked by actual tests on a single-phase 
induction motor and the results of a typical motor cal­
culations are presented and discussed. 

1 . Introduction 

The behaviour of single-phase and two-phase induc­
tion machines are usually explained by either the Cross-
field theory 1 * or the revolving field theory* Although 
the final results are the same in both cases a completely 
different approach is used in each of these methods. 
Based on these methods calculation procedures* * have 
been presented for predicting the motor performance. 
These methods are quite cumbersome and time-con­
suming and involve the use of several empirical rela­
tionships. Ismail et al* have presented an analogue 
model of the motor, one distinct advantage of which is 
that changes in degree of magnetic saturation can be 
included. 

An elegant analytic procedure using the concept of 
symmetrical components has been developed by SuhrT 

from which a simple but accurate equivalent circuit can 
be deduced for the general two-phase induction motor. 
This method, while providing a clear intuitive under­
standing of the phenomena involved, forms an excellent 
base for numerical computations. All the quantities 
needed for the procedure can be obtained either from 
design data or from experiments. 

2. Theory7 

Suffixes and Symbols. 

1 
2 

main (reference) winding 
auxiliary (start) winding quantities 
referred to main winding. 

r rotor 

+ , - positive and negative sequence com­
ponents of quantities in main (refe­
rence) winding 

x m magnetising reactance 
z l = ' leakage impedance of main winding 

z a = ra + j x a leakage impedance of auxiliary 
• winding 

r c — J x c impedance of the capacitor (equi­
valent series representation) 

8 

V 0 

leakage impedance of rotor at 
standstill referred to (stator) main 
winding 
slip (p.u.) 
voltage across the capacitor 

a effective turns T a t i o N a /Nj 
w

0 synchronous speed 
Consider a general two-phase induction machine in 

which the axes of the stator windings are in quadrature, 
and sinusoidal voltages Vt and V, of the same fre­
quency applied to the stator windings. Expressing the 
voltages and currents in terms of the symmetrical 
components? 

V + e = 1/2(V, - j V ^ a ) (1) 

V _ - l/2(V 1 + j V 2 / a ) (2) 

1 + = 1/2(1, _ j a l a ) - - (3) 

I _ - 1 / 2 ^ + j a I j ) . (4) 

The corresponding inverse relationships are: 
V l = ( V + + V _ ) (5) 
V 2 = 3 J a ( V + - V _ ) (6) 

1, ,B = ( I + + I _ ) (7) 

\ = ) / a ( I + - I _ ) (8) 

For the main winding, 
Vi = I 1 2 I + ( E + + E _ ) (9) 

A d h e r e E ^ . and E are the induced e.m.fs in the main 

winding due to the forward flux wave and backward 
flux wave respectively. These e.m.fs can be expressed 
in terms of the respective impedances as 

E + = and E _ =• l _ .z_ 

where z^. and z are the input impedances shown in 
Fig. lb and lc . 

Similar relationships exist for the auxiliary winding. 
On substitution of equations 5 to 8 in these and after 
algebraic simplification, 
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I " / 

z i ) . 

Det 

where z g = 1 / 2 ( Z 2 + zij: Z ( j = l / 2 ( z 2 

and Det = (z s + z^,) (z g + z _ ) — z Q 2 

The gross steady state electromagnetic torque Tg is the 
difference between the torques due to the forward and 
backward fields, and is expressed as 

T„ = 2 / f A n ( l 2 , - I _ Z r _ ) (12). 

It is possible to eliminate the torque due to the 
backward field at any given value of slip, by suitable 
choice of the auxiliary winding parameters. Expressing 
Z 2 as, 

h = [ ( r a + i*a) + ( r c ~ * x c ) ] 1/a 2 

and equating I - to zero, (Equation 11), we get 

r c = a(X! + x + ) — ( r a + a 2 r + ) (13) 

x c = a ( r i + r + ) + ( x a + a ^ x + ) 
(14) 

Note that _ . and x are functions of the slip. 

3. The Computer Program 
A program was developed using the above theory 

for the general unbalanced two-phase induction motor 
having winding axes in quadrature. The program is 
designed to give as output, the currents (in magnitude 
and phase) in each of the stator windings, the com­
ponents of torque due to forward and backward fields, 
the voltage aoross the capacitor etc., at any value of 
slip. The performance characteristics of most of the 
commonly used varieties of induction motors such as the 
single-.phase induction motor of the split phase type, 
capacitor start induction run, split capacitor, two value 
capacitor, the two-phase a.c. control motor, and the 
influence of variation of design parameters on these 
characteristics can be investigated by suitable control 
statements incorporated in the general program. Some 
of these special cases are listed below. 

(i) Single-phase operation : 
In this case = V 2 ; hence V => conj(V_^_) 

(ii) Starting conditions of a single-phase motor : 
Here S = 1; hence z_|_ = z 

Let this be represented by ZQ = B>o -f- j X 0 

T h e n l 1 = V / ( Z 0 + z i ) , I 2 - V / a 2 ( Z o + ^ 

and starting torquer= 2 a « 0 . I 1 I 2

B

0

 8 i n « . 

where or is the angle by which I 2 leads I j . 

When the capacitance is varied the locus of I 
2 

is a circle and the starting torque is propor-

(c) 

Fig. 1. ( a ) 2 phase induction motor 
(b) Impedance to the forward field 
(c) Impedance to the backward field 

P 
i. 

y 
Fig . 2a 

Fig 2a . Equi?alentcircuitofthe2phaseinductloumotor 

Fig. 2 b 
Fig 2b. Locus of motor line current l a as the capacitance is 

varied 

tional to the normal component of I 2 with 

reference to I j (see Fig. 2 b ) . 

(iii) Split phase motor : 
For this case substitute r c = x c = O. 

(iv) Capacitor start, induction run type : 
For the starting condition, the appropriate 
values of r c and x c are inserted. .For the run­
ning condition direct substitution of z2=a <* 
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yields an indeterminate form for equations 
(10) and (11). Rearrangement of these equa­
tions give 

1 1 I ; 

(v) Two value capacitor motor : 
The appropriate values of r 0 and xc are used for 
the speed ranges before, and after the operation 
of the switch. 

Table 1 

Core loss 

( 0 . 9 6 + j l . 0 9 ) a r r +jx t 

= 2 8 . 0 ohms -

= 2 1 0 watts 

= (1 .14+j l . l0 )a 

= 50 Hz 

Starting 
Capacitor — 2 7 0 uF 
Rated C u r r e n t s 19 A 

N o load friction 
and windage = 30 watts 

a =» 1.05 
Rated speed = 1430r .p .m. 

Parameters of the 3-h.p, 230-V, 4-pole Westinghouse 
Inductor Motor (obtained from tests) 

Table 2 

, + j x , - (2 .02 + j2.79)n r a + j x a 
- (7 .14+j3 .22 )r 

r, + jxt 
= (4 .12 + j2 .12)n a = 1 .18 . 

*c + K = 3.00 — J14.5 (starting) x m = 66 .8 

r c + j x c 
= 9 .00 — j l 72 (running) f - 6 0 Hz 

Core loss = 24 watts no load 
friction loss = 13 watts 

The constants of a 1/4 h.p., 110-V, 4-pole 
induction motor, (ref.3,8) 

4 . Results and Discussion 

The parameters of a 3 h.p., single-phase capacitor 
start induction motor were determined experimentally 
and these were used as data for the Computer Program 
to predict the motor performance. The predictions were 
checked by comparing these with the results of actual 
load test on the motor (Table 1 and Fig. 3). The validity 
of the program was thus established. 

One interesting outcome of these tests concerns the 
iron losses of the motor. There is some difference of 
opinion among authors 2 , 5 , 7 , 8 as to what fraction of the 
total iron losses of single-phase motors should be con­
sidered as supplied by the rotor. Some authors 7 - 8 

subtract the entire iron loss from the gross electro­
mechanical output, while others6 consider the entire 
loss as being supplied by the stator. In reality, on 
account of the backward rotating m.m.f. wave, there are 
double frequency pulsations in the rotor, and although 
its amplitude is much less than that of the forward wave, 
do cause an appreciable iron loss in the rotor, which 
reduces the rotor output power. An investigation re­
vealed that for the 3 h.p. motor tested, approximately 

Fig. 3. Characteristics of tbe 3-b.p, 1-phase (Westloghoust) 
motor (Test results are shown by dots) 

Fig. 4. Starting and running characteristics of the 1/4 b.p. 
motor (a) C —184 uF (b)C —15.5 uF 

30% of the total iron loss of 210 watts does indeed come 
from the rotor output. 

Next, the constants of the 1/4 h.p., two value capa­
citor motor listed in references 3 and 8, were used to 
predict the starting and running characteristics (Table 2 
and Fig. 4). The influence of varying the value of the 
starting capacitor and the value of the running capacitor 
on these characteristics were then studied as typical 
examples of the use of the program developed. (Figs. 
5, 6 and 7). 

The value of the starting capacitance was varied 
througha wide range and its effects on the starting torque, 
torque/amp, the voltage across it, are shown in Fig. 5. 
The loci of the currents are shown in Fig. 2b. Theo­
retically if r c had been kept constant, the locus is a circle. 
However in the computation, r c was considered to vary 
linearly "with x c (i.e. the loss angle of the capacitor was 
kept constant at the design value). I t will be seen that 
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Fig 5 . Starting Characteristics of the 1/4 h.p. 
* 

Fig. 6 

i e 

Via 6. Variation of motor torque with slip for different values of 
(running) capacitance 

the maximum starting torque occurs when C ea 310 fiF 
but there is practically no increase in Torque; Amp tor 
values of C greater than 200 u,F. This compares favour­
ably with the design value of 184 [iF. 

The.influence of the.parameters of the auxiliary 
winding on the running characteristics can be seen 
from Figs. 6 and 7. The capacitive reactance was varied 
from co to zero. The curve C = O, represents the charac­
teristic of the motor running with only the main winding. 
The curve C e o o shows the effect of short circuiting 
the running capacitor (i.e. xc =» O). From the latter 
oirve, we can confirm the result that the auxiliary 
winding by itself (with the running capacitor shorted)-
d ;es produce a large negative torque in the region of 
t _e full load speed and that the value of the running-
o ipacitor should be chosen rather carefully. Too small 
a value of capacitor causes a reduction of torque and 
efficiency. Too large a value also causes large slips 
and loss of efficiency. The optimum value was found 
to be approximately 22 jiF. (cf. the design value of 15.4 
u-F) leading to a full load efficiency of 70%. 

The extra resistance and the capacitive reactance 
which when introduced into the auxiliary winding 
would eliminate the torque due the backward field, were 
computed for the 1/4 h.p. motor and are given below. 

Slip p.u. . . — 0.02 0.04 0.06 
Resistance A — 23.50 9.68 -8.44 
Capacitive Reactance o 106.0 99.1 91.6 

In practice, in the motor design procedure no con­
scious attempt is made to eliminate this negative torque 
because the required value of extra resistance often 
turns out to be negative or the extra component values 
are such that, it does in fact lead to a decrease in overall 
efficiency owing to the excessive copper losses. Besides 
in a well-designed motor this negative torque compo­
nent seldom exceeds 10 % of the positive component in 
the normal operating range of slip. 

S. Conclusions 

The development and application of a flexible com­
puter program for the accurate determination of the 
characteristics of a wide variety of Induction Motors 
has been presented and discussed. It is expected that ' 
this program would be of immense value to the designer 
whose task is mainly one of striking a judicious com­
promise of numerous conflicting requirements involved 
such as (i) high starting torque, (ii) high starting torque/ 
ampere, (iii) low capacitor voltage, (iv) high efficiency 
and power factor and the most important factor, the 
overall cost. On account of the complex interaction 
among the two stator windings and the rotor, the machine 
performance can be predicted accurately only when a 
complete mathematical model has been set up. Such a 
model could easily be set up as a program in digital . 
computer. This program would provide quick method 
of cheeking the preliminary design and also illustrating 
the influence of the variation of one or more parameters. 
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Errata 

The following corrections relate to the article on 
'Resistance-type Vertical- Axis Wind Turbines',published 
in page 30 of the March 1978 issue of 'Engineer'. The 
editor regrets these errors. 

The title should read 'Resistance-type Vertical-Axis 
Wind Turbines: The Influence of Reynolds Number 
and Aspect Ratio on Their Performance.' 

Rec, R p, Re o and R tip should read R e C j 

R e Q and R t i p ( respectively, throughout. 
R_ 

Line 12, col. 1, p. 31 : 'ratio' should read 'ratios'. 
Line 6, col 1, p. 32: 'those' should read 'these'. 
Figure 5, notation: p ese; t w ark §S 

Snankar (2-bladed rotor) —•— 
Shankar (3-bladed rotor) 
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