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Abstract
For the calculation of switching 
surges on transformer feeders, 
it is desirable that all the system 
components be adequately represented 
mathematically. In this paper
a representation of the transformer 
Ls described which is suitable
for use in these calculations, 
rhe representation is based on 
the transformer being viewed 
is a set of primitive windings 
with winding interconnections
being performed with connection
matrices. This method, not only 
accurately models the transformer
under varying frequency conditions 
but also permits a single representation 
to be used for all common winding 
configurations. Single pole energisation 
of a 84 mile long transformer
feeder is considered and results
obtained from the computer study 
are compared with field results. 
Ihe analysis shows that improper 
representation of the transformer
results in grossly inadmissible 
results.
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1. Introduction
The prediction of switching over­
voltages in electrical transmission 
systems is of increasing economic
importance. Prediction of switching 
overvoltages at the design * stage
of a system can result in measures 
being taken to reduce the overvoltages^ 
resulting in reduced insulation 
requirements. Prediction of switching 
overvoltages in a system already
operating can indicate how changes 
in system operation might obviate 
the overvoltages, resulting in 
lower outage rates.

When switching overvoltage calculations 
are to be made by the digital 
computer, it is first necessary 
to convert the complex electromagnetic 
and electrostatic fields of each 
component. of the systeih into
an equivalent network. It is then 
necessary to assemble the individual 
networks into an overall equivalent 
network that represents the entire 
transmission system. Finally,
mathematical techniques have
to be developed in order that 
solutions may be obtained to
the resulting network equations.

In the past, the equivalent network 
for the transmission line has 
been extensively developed and
a number of techniques are available 
for obtaining solutions to the
network equations1"4. On the
other hand, the equivalent networks 
of transformers for use in switching 
surge studies have received little, 
attention. Consequently, the calculation 
of switching overvoltages in trans­
mission systems has generally
been undertaken with a very 
accurate representation of the
transmission line, but only a 
superficial representation of the
system transformers.

For power frequency studies, 
the equivalent network of the
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multi winding transformer is governed 
almost entirely by electromagnetic 
considerations. For surge distribution 
studies, the equivalent network
of the transformer has to represent 
the complex high frequency electro­
magnetic and electrostatic fields
of the winding. Consequently, 
a highly detailed representation 
of the winding is necessary, 
and the equivalent network usually
takes the form of an  ̂ extensive 
distributed parameter network3.

In representing the transformer 
in switching surge calculations,
it is necessary to consider the 
range of natural frequencies of
power transformers and the component 
frequencies encountered in switchihfe 
surge waveforms. Harner and Rodriguez” 
in an extensive study on the
characteristics of transformers
under fault conditions reported 
natural frequencies In the range
0.5 to 50 kHz. Binns and Habibollahi 
in a frequency analysis study
of switching surge waveshapes 
observed that the major frequency
components were within the range 
100 Hz to 1 kHz for the system 
studied. The equivalent network 
of the transformer for switching 
surge studies must therefore be 
valid over the range of frequencies 
from 50 Hz to 50 kHz. As a consequence 
of this, ail equivalent network 
of the type Used for surge distribution 
purposes will be too elaborate 
and an equivalent network of 
the type used for power frequexicy 
studies will be insufficient.

The purpose of the present paper 
will, therefore be to develop 
an equivalent network of the 
transformer for use in switching 
surge calculations. In the equivalent 
network, the distributed capacitance 
and : inductance of the windings
will be represented by lumped 
elements. Although this simplification 
will neglect the travelling wave
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properties of the windings, inaccuracies 
result only in the case of extremely 
high speed wavefronts rarely  
encountered in switching surge 
studies. Since three phase transformers
are considered in the present 
studies, the mutual magnetic coupling 
between windings is taken into 
account. Furthermore, provision
is made for formulating all inductances 
as frequency dependant parameters, 
for it has been shown that tthe 
inductance of transformer^  ̂windings 
is frequency dependant0' over 
the range of frequencies considered. 
Primary to secondary, interturn
and winding to earth capacitances 
are represented by lumped equivalents. 
Capacitance between windings
of different phases can also be 
represented, if these are not 
negligibly small.

Considering the multiplicity of
components and the need within
the representation to allow for 
a number of terminal connections, 
it is desirable to have a representation 
within which. the winding connections 
can easily be rearranged. For 
this purpose, the equivalent network 
is formed as a primitive set
of windings which are interconnected 
as required by a connection matrix.

In recent years, Fourier transform 
techniques have been applied
to switching surge problems in
transmission systems and have 
been shown to be extremely powerful. 
In the technique* frequency dependant 
parameters can be included without 
difficulty. Consequently, the present 
work1 is based on taking due 
account of frequency dependant
parameters by the use of the
Fourier transform technique in
the solution of the network equations. 
•The emphasise of the present
paper will be on the development 
of the equivalent network rather 
than on a detailed study of the 
parameters involved.

2. Single Phase Transformer -
A single phase, two-winding transformer
can be represented by two magnetically
coupled windings, together with
lumped capacitance elements,
as shown in Fig. 1. For most
transformer connections, ' terminals
1' and 2' will be connected to
earth, so that the capacitance
elements C , ,  C * and C_. willel e2 21
not enter into the calculations.
These elements have, however,
been included, in order that
the representation can be perfectly
general and cover such cases
as transformers with delta windings
or unearthed star windings and
series reactors.

*. * p

With all voltages being specified 
with respect to earth, equating 
the currents at each node, the 
following equation is obtained.
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In compact notation,

i = [U] i  + p [ceq] V (1)

The voltages across the windings may 
be expressed as

In compact notation,

[U]1 V = P [Li­ (2)

Since 1 is the vector of internal
currents, it is eliminated, resulting
in the general equation of terminal
voltages and currents given by

i  = i
P

[U1 t L1 "*1 [uit'v + plCAJ'V  (3) eq —

In compact notation,

be extended to . the general three 
phase case; However, in this 
case, it is more convenient to
separate the voltage vector into
two vectors corresponding to
the two ends of the winding,
suid to; reexpress equation (2)
in the form

V -  V' = p [L] _i (5)

where L contains the mutual coupling
between the phases as well. It
Is also sufficient to express the
currents at only one end of each
winding in equation (1 ), which
may then be rewritten in the 
form

1  = 1 + p[C ] V -  p[C' ] V*
© ©

or in the more convenient form

1 = i + p [C ] -  [CM V +“■ ■ e e ■ — • ..
P t c ' l  (V -  V ') (6)

where [Ge l and [Cr] include all rele­
vant lumped capacitances.

I = 1
P

IS - ] + p[C ] V eq eq —
3.2 Connection Matrices for delta 

and star connections

where [S ] =1^ fU] [L ]_1 [UJ1 
Q P

For the case where both windings 
are solidly earthed at one end,
voltage Vj -and are zero, ahd only 
the non-earthed terminal currents
are of interest. In this case,
equation (4) will have the vectors 
1  and V reduced to two terms,
and the matrices [S ] and [C ] 
will be of order 2x2. ec* ec*

In the delta winding, the start 
of one phase-winding is connected 
to the end of another phase­
winding. This is shown in fig. 2a, 
and for this we can write

p . - - —
vi 0 10 vi
V2 = 0 0 1 V2
v4- 10 0 V,3 3

— mm

and the difference voltages may be 
written

3. General Three Phase Transformer
3.1 Primitive windings

The derivations for \ the general
single phase case can readily

1
- r-i 
>1

f 
oHiH____

V 1

V 2 -  Y f = 0  1 - 1
V 2

V 3 -  V 3
- 1  0  1

- -Jt

V J -

(36) 'Engineer', June, 1988



or in compact notation

>11>1 = [condj V (8)

Similarly, if an earthed star
winding is considered, fig.. 2b,
then *

It is, however, the line currents 
1  ̂ and not the currents I that
are usually required and for 
this purpose, it can be easily 
shown that

I L = ICON ]1 1 (14)

so that

1 J f -  —

V  -  V 'V I  v V 1 1 0  0 V 1V  -  V '2 2

ii 0 1 0 r 
«N 

>

Y  -  V '  X 3 3 0 0 1 _V 3 _
or in compact notation

V -  V' = [CONg] V (9)

By compounding the connection matrices 
in equations (8) and (9 ), the 
total connection matrix [CON] 
for a multi-winding transformer 
may be formed.

Thus, for a multi-winding transformer 
we may write

V -  V' = [CON]V (10)

Substituting equation (10) into equation 
(5) gives

The line currents of the transformer 
can now be found from

1^ = 1  [CON]t [L]“1[CON]V + plCONJ*

f[Ce l -  ic^l + tc^l ICONl] V (15)

In compact notation this may be written

.L i f l  (S + p[C ] I V (16)-L  p eq eq J  —
where

[ S ^ l  = [c ° N ] t [ L ] " 1 [CON] ’eq
and r

[ C / ]  = [CON] 1 [C ] -  CM + eq 1 e e
[C^l [CON]j V

Equation (16) may also be written in 
the form

1  ̂ = lYtf]-V (16a)

where
[Y^] = transformer equivalent 

' admittance matrix
[CON] V = p[L] i

or, the internal currents may 
1 be expressed as

1 = 1  [L]-1 [CON] V (11)
P

Substituting the result of equation
(10) in equation (6) gives

I  = I  + P j”[Ce l -  [ c M  V +

p[C’ J [CON] V (12)e ■ —
Substitution of. equation (11) in

’ equation (12) results in

I  = I  [L]_1 [CON] V + p £ l C e ] -  C ]̂J

| V + p [CM [CON] V (13)

Equation (16) thus relates all
the terminal currents with the
voltages to earth at the terminals 
of the transformer. The! matrices 
[S ] and [C ] do not contain
any  ̂ frequency ?efms and therefore 
need to be calculated only once
for use in the modified Fourier 
analysis. However, the variation 
of inductance with frequency will 
have to be accounted for by a 
multiplication of [S ] by a suitable 
factor at each e<̂  frequency step
in the analysis.

A similar analysis can be carried 
out for the unearthed star connection. 
However, the final equation then 
obtained cannot be simplified
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in the same manner and the solution 
requires matrix inversion at each 
frequency step.

4. Transformers 
Windings

with Tertiary

The theory for the three-winding 
transformer can quite easily be
obtained by extending the theory 
already derived for the. two-
winding transformer. However,
in the case of three winding 
transformers, 1, and V are both 
vectors containing nine elements, 
and the matrices involved are 
of the order 9x9.

If the tertiary winding is terminated 
in a load such as a capacitor 
or reactor bank, then the tertiary  
voltages and currents may be
eliminated and an equivalent two
port admittance matrix may be 
Obtained. This takes into full
account the effect of the tertiary  
connection and its loading, although 
the tertiary voltages and currents 
are not directly available.

5. Autotransformers
In the case of the auto-transformer, 
the foregoing analysis can be
applied provided some minor 
alterations are made in the basic 
winding equations.

for the inclusion of losses within 
the formulation.

Core losses may 
repre sente d by
resistances across 
frequency dependent as 
This requires some 
formulation procedures
are indicated in the 
sections.

be conveniently 
suitable shunt 

the winding, 
required, 

-additional 
which 

following

6.1 Delta connected windings

In the delta connected winding 
shown in fig. 3a, the resistive 
elements represent the frequency 
dependent iron loss components 
of the windings. The currents 
circulating in these loss paths 
may be written

4  -  I I" ■ i /Rj -  o 0
!• -  I2 = 0 1/R2 0
I* -  I-

L  3 3J '
0 0 1/R3

H. —

V -  V
1 2

V -  V2 V3
V -  V3 1

or in compact notation

r  - 1 = [r^ J  v d (17)

6. Inclusion of Losses
At normal supply frequencies, 
the modern , power transformer 
has a high efficiency, and copper 
and iron losses are very small. 
However, in transient analysis, 
frequencies much higher ' than 
power frequencies are present 
and iron losses are known to 
be frequency dependant. Consequently, 
although very little information 
is available on the variation 
of transformer losses with frequency, 
it is considered desirable, for 
completeness, to make provision

These resistor currents may be related 
to the line currents by the delta-
connection matrix [CON-J* used 
earlier, so that

i l  -  = [CONjjI* ( r  -  I) (18)

Furthermore, the difference voltages 
of equation (17) may be related 
to the line voltages by the delta-
connection matrix [CONn], so 
that . u

VD = [CONdJ V (19)

Substitution in equation (18) gives «
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1 1  -  h  -  ICONpl* [ R ' 1]

[CONd ] V (20)
Thus the equivalent conductance matrix 
of the delta connected winding 
is

IG ] = [CON-.]1 IR*;] [CON-] eq u P u
6.2 Star connected windings

By a similar-derivation to that 
of the delta winding, and with 
reference to fig. 3b,- the resistive 
current for the star winding is 
found to be

Vl ’  *1  

* 2  ‘  * 2  

*3 ’  X-3-

1/Ri

0

0

0

1/R.t
0

0

0

1/R.

or in compact notation 

I* -  I = ir; 1) v

For the star winding, 
currents are equal to 
currents so that

K i i  = [ r " 1 ] v^  P ■ —

the phase 
the line

(21)

and the equivalent conductance 
matrix of the star connected winding 
is

[G 1 =eq irp 1]
When multi-winding transformers 
are considered, the total equivalent 
conductance matrix is composed 
of the sub-matrices (G ] . The 
total equivalent conductance matrix 
is added to the transformer admittance 
matrix. The resultant admittance 
matrix is the complete admittance 

'matrix to be used in the analysis.

Since Fourier analysis is used 
in the calculations, the admittance 
matrix can be computed at each 
frequency step and any dependence

of the core loss with frequency
c^n be easily accommodated by 
circulating the equivalent conductance 
values at each frequency.

7. Bnergisation of a Transformer 
from a Transmission Line

One frequency encountered overvoltage 
problem in transmission systems 
is the generation of overvoltages
at a transformer supplied from
a long transmission line. Fig. 4 
Shows the equivalent circuit for 
a loaded transformer fed from 
a transmission line.

The currents and voltages at 
the terminal load are . related 
by

i t  = [ ? t l Vt (22)

For the convenience of analysis, 
the transformer admittance matrix 
is partitioned into primary/secondary 
sub-matrices, and equation (16a) 
may be written as

I— r
-i

^ t f l l 1

lW

[Ytfl2]
[Ytf22]

V—r (23)

Combining equations 
gives

(22) and (23)

— — 
I— r tYtfl2J
O

—' ..
_[Ytf2 l]_ lYtf22J

from which

I— r t
[Y

i V i

+[Yt ]

(24)

is eliminated to give

tYt f l l J ’  tYtfl2J

. * r

f c
Ytf22J *

lYtf21J
which in compact 
written as

V

notation3 can

i r [Y ] V P - r

(25) 

be

(26)
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where

[Yp ] = “ [Ytfl2] ^ [Ytf2 2 1 +

[Yt l j  IYt f 2 1 1

|y  I rep resen ts  th e combined
adm ittance m atrix  of the transform er 
and load as view ed from the 
transform er prim ary term in a ls . ^

The two port adm ittance m atrix
of the transm ission  lin e  may
be w ritten  as

[A] - [ B ] V
"“s

IB ] [A]
— w

V —r
(27)

feed er shown in  f ig .  5 .

T h is  p a rticu la r  system  was se lected  
as f ie ld  te s t  re su lts  are  a v a ila b le  
fo r  a s im ila r  system , w hich is  
used in th e p resen t paper for 
com parison of computer r e s u lts . 
The f ie ld  osciitog ram s obtained 
by  P r ice  e t  A1 are  "Tor the
sequential c lo su re  of th e c ir c u it  
b rea k er  a t A, w ith  the*' second 
pole closin g  ap p roxim ately  61 
ms a fte r  th e f i r s t  pole c lo su re . 
The rece iv in g  and transform er 
in th e f ie ld  te s t  is  a th r e e -  
phase tran sform er w ith  a A -  A  -  £  con­
fig u ra tio n .

From equation (2 6 ) ,  su bstitu tin g  
for Tr tn equation (27 ) and rearranging 
lead s to

in  th e case  of single pole en erg isa tion  
of a c irc u it  b rea k er  ( i . e .  for
the f i r s t  phase to c lo s e ) ,  th e  
ap p lied  voltage conditions for 
the f i r s t  phase are  known at 
the sending end of th e lin e . F u rth e r , 
the^ sending end cu rren ts of the
other two p h ases a re  a lso  z ero .

Thus equation (28 ) may be solved  
to g ive th e unknown v o ltag es and
cu rrents in the transform  domain.
By sy stem a tica lly  working b ack w ard s, 
the transform s of a l l  th e  unknown 
voltages and . cu rren ts may be 
determ ined in th e transform  domain. 
The in v erse  Fou rier transform  
then g ives the tran sien t solution
in the tim e domain.

In o rd er to ju s t ify  th e  im portance 
of th e  tran sform er winding configuration 
on sw itching su rg es, computations 
w ere c a rr ie d  out fo r th e  actual 
configuration of -  -  -  as w ell
as fo r  a -  -  -  configuration .
F u rth e r , to show th e im portance
of considering  th e in te r  limb magnetic 
coupling in  th e tran sform er c o re ,
th e -  -  configuration was con­
s id ered  w ith  and w ithout in te r -
limb magnetic coupling. T h e s e '
two ca se s  of coupling, in fact 
correspond to a th re e -p h a se  tra n s­
form er, and a bank o f th re e  sin g le­
phase tra n sfo rm ers .

In th e s tu d y ,; only th e  f i r s t  pole 
to c lo se  to of th e sequential 
c lo su re  was con sid ered  and th e 
com parison was made up to the 
in stan t of th e closu re of th e 
second pole in  the f ie ld  t e s t .
E x act com parison was not p o ss ib le  
as some of th e p aram eters of
the' te s t  system  w ere not a v a ila b le  
and some su ita b le  assum ptions 
had to be made.

8. Computer Study The tran sm ission  lin e  consid ered
was of a ty p ic a l configuration ,

To dem onstrate th e  im portance and th e r e s t  of th e  power system  
of the .tran sfo rm er m odel, a study supplying th e  lin e  was rep resen ted
was c a rr ie d  out on the transform er by  i t s  T h ev en in 's  eq u iv a len t.
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The transform er a t the receiv in g  
end of th e lin e  was given the 
follow ing d ata .

i Rating of transform er = 3 0 0  MVA
Voltage of p rim ary  = 3 4 5  kV
Voltage of secondary = 138 kV
Voltage of te r t ia r y  = 33 kV
Magnetising cu rren t = 0 . 5 %
Core le s s  cu rren t = i.o%
P rim ary leakage inductances = 5 . 0 %
Secondary leakage inductance = 5.0%
T e rtia ry  leakage inductance = 5.0%

Figure 
phase 
end of 
Waveform 
phase to 
01-C and 
waveforms 
p h ases , 
unenergised

6 (a ) shows th e th r e e -  
vo ltages of th e  sending 
the f ie ld  te s t  o scillo g ram , 

e . shows th e f i r s t
th e  instant

s ic lo se  at 
e _ and 
sof s3 are  the 

th e  OJ unenergised 
I t  is  seen th a t the 
p h ases have b a s c ia lly  

the same waveform upto th e  en erg isation
of th e second phase a t instant
0 2 -C .

Stu d ies a lso  showed th e  receiv in g  
end voltages in  th is  case  is  s im ilar 
to  th at of th e  open c ircu ited  
lin e . .

The presence of a d elta  winding 
on e ith e r  th e secondary or the 
te r t ia r y ,  such as in  A  -  [> -  A  or 
A  -  As. -  tran sfo rm ers, causes a
sig n ifican t voltage on th e . unenergised 
p h ase , as -seen  from fig u res 6 ( b ) ( i i )  
4 ( i i i )  and 7 (b )  ( i i )  & ( i i i ) .  

.T h ese are  a lso  seen to be s im ilar 
to those in  the f ie ld  o scillog ram . 
However, th e period  o f th e o sc illa tio n  
is  not quite th e  same when in te r­
limb magnetic coupling is  ab sen t. 
A lso , w hile th e receiv in g  end 
waveforms w ith in te r-lim b  magnetic 
coupling (F igu re 7 (b )  ( i i i ) )  agree 
in  th e b a s ic  shape of th e receiv in g  
end waveform of th e  energised  
p h ase , the waveform in  the absence 
of mutual coupling (F igu re 7 ( b ) ( i i ) )  
is  com p letely  d iffe ren t in  the 
tran sien t o v erv o ltag es.

Figure 7 (a )  shows th e th r e e -  
phase voltages of th e  rece iv in g
end of the f ie ld  te s t  o scillo g ram . 
Waveform e  ̂ corresp on d s to  the 
energ ised  p n ase , w hile e  ̂ and 
e .  correspond to the unenergised 
phases •

9, Results
To in v estig a te  th e  p o s s ib il ity  
of d isregard ing  th e transform er 
configuration in  tran sien t ca lcu la tio n s»
th e system  was f i r s t  analysed 
w ith  a A  -  A. -  A- transform er a t th e 
receiv in g  end. The computer
re su lts  of Figure 6 ( b ) ( i )  and 
figu re 7 (b )  ( i )  show th at both  
th e  sending end voltage waveforms 
and th e  rece iv in g  end voltage 

.w aveform s do not show any s ig n ifican t 
voltage on th e unenergised p hases 
unlike in  th e f ie ld  te s t  re su lt .
T h is  i s  due to the absence of 
th e  d e lta  winding on the te r t ia r y .

10. Conclusion
The p resen t study has used the 
F ast Fou rier Transform  w ith connection 
m atrices to form the winding 
configuration m atrices of the tran s­
form er. I t  has compared th e tran sien t
response of an 84 m ile transform er 
feed er obtained from fie ld  te s ts  
fo r a A- A-  transform er w ith in te r­
limb magnetic coupling, w ith 
a n a ly tic  re su lts  fo r A*- A -  A transform ers 
and A  -  A  -  transform ers w ith and 
w ithout in ter-lim b  magnetic coupling. 
The re su lts  obtained show con clu siv ely  
th at only the proper configuration 
even g ives re su lts  w hich are 
reasonably  c lo se .
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FIG 1 - SINGLE PHASE TRANSFORMER REPRESENTATION

FIG 2 - DELTA AND STAR END-CONNECTIONS
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FIG 3 - INCLUSION OF LOSSES IN THE UINDING
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FIG 4 - ENERGISATION OF A LOADED TRANSFORMER
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FIG 5 - TRANSFORMER FEEDER SYSTEM USED IN THE ANALYSIS
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Fig 6(a) Sending end voltage waveforms 
(Field Test Results)

( i i )  A - X - t r a n s f o r m e r  at r .e .  
(without interlimb coupling)
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/
( i i i ) X ~ t r a n s f o r m e r  at r . e .  

(with interlimb coupling)
Fig 6(b) Sending end voltage waveforms 

(Computed Results)

Fig 7(a) Receiving end voltage waveforms 
(Field Tests Results) ■
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( i ) A - A - A  transformer at r .e .

( i i i ) A -  A “ ̂  transformer at r .e .
(with interliinb coupling)

Fig 7(b) Receiving end voltage waveforms 
( computed Results)
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